
ABSTRACT

CALVERT, DAVID JAMES. A Study of Magnetic Fields and Stellar Evolution on Core-Collapse
Supernovae. (Under the direction of Carla Fröhlich and James P. Kneller).

Massive stars end their lives in spectacular explosions known as core-collapse super-

novae (CCSNe) that are responsible for the production of neutron stars, black holes, and

magnetars while simultaneously enriching their host galaxies with the elements synthe-

sized during their evolution. The conditions found within CCSNe are beyond anything we

can create in a laboratory so uncovering their nature can provide insight into physics of the

extreme. Understanding CCSNe in detail requires a tremendous effort across many fields

of physics. Supernovae are multiscale phenomena that depend on the physics in the small-

est regimes (quantum mechanics, nuclear physics) to the physics that govern objects on

cosmic scales (gravity, fluid dynamics). Stars die as they lived, and as such the explosion

properties can also be influenced by the properties of a star’s evolution throughout its life.

In this dissertation I will investigate the effects of different initial conditions on CCSNe and

demonstrate that these quantities can impact the evolution and measurable outcomes of

these explosions. To do this, we will first explore the role of turbulent fluid motion on the

ability of CCSNe to explode and describe a new method for quantifying the effects of this

turbulence. Continuing this thread of investigation, we will then use this new metric to

study how the magnetic field in CCSNe impacts the turbulence. Finally, we examine how

the treatments of mass loss and convective overshooting in stars throughout their lifetime

drive changes to the structure of the star at the point of collapse, and how the supernova

explosion exhibits properties that can be correlated with the treatments of these stellar

processes.
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CHAPTER

1

INTRODUCTION

1.1 Supernova Discovery and History

Supernovae have been a subject of intrigue for astronomers for millennia. Studying these

transients in detail has been beyond the reach of science until relatively recently. The first

supernova recorded was in the year 185 A.D. by Chinese astronomers, who described the

sudden appearance of a "guest star" that remained visible for 8-20 months after its ini-

tial appearance [1]. At the time the origin of this star was unclear, but modern astronom-

ical observations of supernova remnants, cross-referenced with the original documenta-

tion, suggest that this event was the explosion of a star. Subsequent similar events have

been recorded throughout history, with the most well studied being those in 1572 and

1604 [2]. These two Galactic supernovae were extensively documented by Tycho Brahe and

Johannes Kepler, with their locations in the sky studied to arc-minute precision [3]. Brahe

published his findings in his book De Stella Nova, introducing the term "nova" to describe

the sudden appearance of new stars. For centuries, any transient stellar phenomena were

classified as novae regardless of their origins. The rarity of these events [4, 5], coupled with

the sheer distance and complexity of the underlying physical processes, made deeper un-
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derstanding of novae a nearly impossible task. Thus, progress was not possible until the

early 20th century and the advent of modern astronomy.

In 1934, Walter Baade and Fritz Zwicky identified a particularly luminous subset within

the catalog of novae. These superluminous novae emitted as much energy as the Sun radi-

ates over its entire lifetime within days of their appearance. Their light could be observed

for several weeks, distinguishing them from shorter and dimmer events. For these reasons,

such events earned the distinction being named as "super-novae" [6]. Baade and Zwicky

proposed that the source of this incredible energy and luminosity was a product of gravi-

tational collapse of a star [6].

Later work refined the classification of supernova into two distinct types. Minkowski

denoted two categories: Type I supernovae that have no hydrogen emission lines in their

spectra, and Type II that do contain them [7]. This distinction implied there were different

explosion mechanisms behind each of these supernovae categories. The current under-

standing indicates that Type I supernovae are caused by two distinct methods of explosion

and have thus been subdivided further. The first type, Type Ia, are distinguished by strong

silicon emission lines and are understood to be the explosion of a carbon-oxygen (CO)

white dwarf powered by a thermonuclear detonation [8]. The other two subtypes, Type

Ib/c supernovae, lack silicon emission lines and are characterized by the presence of he-

lium emission lines. The current understanding is that these subtypes of supernovae are

the explosion of a star that lacks an outer envelope of hydrogen. Type II supernovae are

those cases where the star has retained its outer hydrogen layer. The source of energy of

Type Ib/c and Type II supernovae is the gravitational collapse of the core of a star and

are, therefore collectively called core-collapse supernovae. Outlined in more detail in sec-

tion 1.3, core-collapse supernovae (CCSNe) occur when a star has exhausted its nuclear

fuel and explodes cataclysmically.

Given that the gravitational collapse mechanism leads to supernovae of all spectro-

scopic types except Type Ia, there has been a great desire to accurately understand the de-

tails of these events. In the 1960s Colgate and Johnson proposed that a key component of

the core-collapse mechanism was the formation of a prompt-shock as the infalling mate-

rial crashes into the proto-neutron star (PNS) that forms during the collapse of the core [9].

In this model, the shock then travels outward through the star ejecting the outer layers.

However, a gap in their understanding was still present, as noted by Colgate and White

in 1966. The total thermonuclear energy available to CCSNe was not sufficient to account

for the energy released into the star’s mantle during implosion [10]. They proposed to rec-

oncile this discrepancy via the energy of the neutrinos that are produced during the col-
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lapse. In this model, the enormous number of neutrinos emitted during collapse deposit

a small fraction (∼ 1%) of their energy into the supernova mantle. This can supply a suffi-

cient amount of energy to force the shock through the outer layers of the star and produce

a CCSN. However, the initial implementation of this idea in simulations was unsuccess-

ful [11] and the shock instead stalled approximately 200 km above the PNS. The resolution

came with the introduction of the "delayed neutrino-heating mechanism" [12]. Improve-

ments in the calculation of the neutrino cross section by Tubbs and Schramm revealed

that under CCSNe conditions, the neutrino is ‘trapped’ within the PNS and not free stream-

ing, as Colgate and White had assumed [13]. While trapped, the neutrinos reach thermal

equilibrium with the matter. The thermally coupled neutrinos can now impart sufficient

energy to the material behind the shock to explode the star. This paradigm is still accepted

today as the primary mechanism for shock revival.

Over the decades since the proposal of the delayed neutrino-heating mechanism, fur-

ther complexities have been introduced into CCSNe modeling. Rotation, convection, tur-

bulence, magnetic fields, and neutrino oscillations [14, 15, 16] all have been shown to affect

the behavior of CCSNe. With the introduction of new physics, new explosion mechanisms

beyond neutrino heating, such as those driven by magnetic fields [17, 18, 19], have been

seen in some simulations. As we seek to more firmly connect supernova models with real-

ity, the importance of this new physics to the outcome of CCSNe is still an area of intense

research.

1.2 Stellar Evolution

Stars originate as over-densities of gas in molecular clouds. Gravitational self-attraction

causes the diffuse material to contract and increase in density. Gravitational potential en-

ergy is converted into heat, which is radiated away in a low-opacity gas. However, once

the gas density becomes large and the gas optically thick, the generated heat is retained,

resulting in a rise in the temperature and pressure. Eventually the conditions in the core

of the collapsing cloud of gas are sufficient to initiate the nuclear fusion of hydrogen, re-

leasing even more energy and raising the outward pressure further. When the gravitational

attraction is counterbalanced by the outward pressure gradient, the system reaches a hy-

drostatic equilibrium and thus begins a star’s life. This equilibrium defines the onset of a

stars "main-sequence" phase [20], the phase which constitutes the majority of the star’s

life. For the purposes of stellar modeling, the mass of the star at this point is known as the
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"zero-age main sequence" (ZAMS) mass, MZAMS, and, as will be detailed later, is the key

property of the star that determines its life and fate.

The newly formed star will remain in the hydrogen burning phase until the hydrogen

fuel in the core has become exhausted. The length of this period is primarily dependent

upon the ZAMS mass of the star, and is approximated by

τMS ∼ (MZAMS)
−2.5 (1.1)

where τMS is the time a star spends on the main sequence [21]. While this picture becomes

more refined by the inclusion of other stellar effects (e.g. convection, stellar wind, rotation),

the basic relationship remains that stars of higher mass exhaust their hydrogen fuel more

rapidly and diverge from the main sequence earlier than those of smaller ZAMS masses.

As the hydrogen abundance in the core becomes depleted, the star enters its next phase

of evolution. The ZAMS mass is a critical determinant in the behavior of the next stages.

The cores of stars with ZAMS mass greater than ∼ 2M� will smoothly transition to helium

burning after the core has contracted and risen in temperature; stars with less than∼ 2M�
will become supported by electron degeneracy pressure before the conditions are reached

to burn helium. Stars with ZAMS masses in the range 0.8M� ≲MZAMS ≲ 2M� will ignite he-

lium burning in a "helium flash" while stars with ZAMS masses below this range will never

ignite the helium. If helium burning commences, the star begins to create carbon/oxygen

nuclei within the core. The ZAMS mass of the star will once again determine what follows

the initiation of helium burning. If sufficiently massive, the core will contract, leading to

an increase in temperature and the initiation of carbon burning. The transition can either

occur smoothly or explosively, dependent on the conditions. In stars with a greater ZAMS

mass, this process repeats itself for heavier elements. Each successive nuclear fuel is ig-

nited at progressively higher temperatures and densities, moving up the chain and produc-

ing heavier nuclei. At each phase, if the star is able to reach sufficient ignition temperatures

and densities (dictated by the ZAMS mass) before reaching the limit of the electron degen-

eracy pressure, fusion of the nuclei at the core will initiate. The specific energy released

by the burning of each nuclear fuel becomes smaller as the atomic mass number of the

fuel increases. More importantly, the energy lost by the core of the star to neutrino emis-

sion grows rapidly with density and temperature. The effect is that each burning cycle in

the star becomes increasingly shorter. At this advanced stage of its life, the structure of the

star is a sequence of shells each burning a different nuclear fuel: a structure that has been

colloquially referred to as onion shells, as shown in Figure 1.2. While the onion-shell model
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Figure 1.1: A plot of binding energy per nucleon as a function of mass number.
Source: https://www.britannica.com/science/nuclear-binding-energy.

captures the general behavior of the burning stages, stars have a much more complex com-

position. Figure 1.3 shows the composition of the core of a late-stage red supergiant (RSG)

model with MZ AM S = 15 M�.

Nuclear burning continues until iron-group nuclei are produced. Fusion beyond this

point is endothermic, requiring an input of energy rather than releasing it in the process.

These nuclei have the highest binding energy per nucleon, as shown in Figure 1.1. Thus

they represent the end of the nuclear energy fusion process in stars. Since iron cannot

be burned, massive stars will come to possess large cores of iron-group nuclei supported

by electron degeneracy pressure. When this core becomes too massive to be supported

by the degeneracy pressure, it will collapse and the core-collapse supernova begins. The

sequence of events during this stage will be explored in depth in §1.3.

The dynamics and structure of the stellar interior play a critical role in supernovae out-

comes. Many details of stellar evolution affect the internal structure of the star at the end

of its life. The dominant means of energy transport throughout the star is one such factor.

Stellar interiors are broadly divided into two regimes, radiative and convective. In radiative

regions, photons are the primary carriers of energy; in convective zones, energy is trans-

ported through the bulk motion of the plasma. Because of the high densities and corre-

spondingly short photon mean free paths, radiative diffusion operates on timescales that

are several orders of magnitude longer than those associated with convection. Heating of

the plasma by the nuclear reactions in the core can produce hotter, lower-density mate-

rial that may become buoyant relative to the material above. The stability of these zones
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Figure 1.2: An onion-shell model of a massive star nearing the end of its lifetime.
Source: https://imagine.gsfc.nasa.gov/educators/elements/imagine/05.html

Figure 1.3: Mass fractions in the core of a MZ AM S = 15 M� red supergiant model at the
onset of core collapse.
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is determined by comparing gradients in the stellar structure, quantified as

∇ad =
�

d ln T

d ln P

�
s

(1.2)

∇rad =
�

d ln T

d ln P

�
rad

(1.3)

where T is temperature, P is pressure, the subscript s represents a derivative with respect

to constant entropy, and∇ad and∇rad are shorthand for the gradients shown. For a homo-

geneous chemical composition, if the Schwarzschild criterion

∇rad <∇ad (1.4)

is met, then the layer is stable to convection and radiation is the dominant means of energy

transfer. If this criteria is not met, the region is unstable against convection and convection

will dominate as the means of energy transfer within the star.

Because convective nuclear burning regions that can extend the burning phases of a

stars life, distinguishing between the energy transport mechanisms is critical to stellar the-

ory. Through convection, the products of the nuclear burning are replenished with the

lighter nuclear fuel from layers above. At the boundary between radiative and convec-

tive zones, i.e. where∇rad =∇ad, stellar theory does not have an agreed-upon description

for how much mixing occurs between these zones. In the mixing length theory used to

model convection in stars, buoyant bubbles that are unstable to convection through the

Schwarzschild criterion travel upward through the convective zone and stop at radiative

boundaries [22]. As it approaches the interface between a convective and radiative zone,

the convective bubble is traveling with nonzero momentum. Presumably, then, there may

be some distance into the radiative zone this convective bubble will penetrate as it loses

its momentum and dissipates. This applies to sinking material at the bottom of convec-

tive zones as well. The extent to which the convection "overshoots" these boundaries is

not well constrained. Because this process alters the amount of nuclear fuel that is able

to be burned, the mechanisms that govern this overshooting is an important factor in pre-

dicting the structure of stars during their life.

Through the stages of stellar evolution, the outer envelope of a star is losing mass to the

stellar wind. Radiation pressure at the surface of the star exerts a force on the outermost

material that is most weakly bound by gravity. The rate at which matter flows off the surface

of the star varies throughout the phases of its evolution and can serve as a key factor in
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the determination of stellar composition. During the RSG phase, the star is enormous in

volume compared to its mass. This results in a very weak surface gravity, and thus a very

high rate of mass loss due to the stellar wind. Directly modeling the stellar wind from first

principles is not feasible, so stellar models rely on empirical data to prescribe a mass loss

rate for stars at different stages of evolution. The models used for this mass loss rate are

poorly constrained and remain an area of large uncertainty in stellar evolution codes.

1.3 Core-Collapse Supernova Theory

1.3.1 Gravitational Instability and Collapse

At the formation of iron in the core of a star, the hydrostatic balance necessary to maintain

stability within the star is in jeopardy. Iron-group nuclei accumulate in the core as silicon

burning continues. This iron core is mainly supported by electron degeneracy pressure

with thermal pressure a small, but not negligible, contribution. At this stage, the iron core

has a central density of order 109 g /c m 3 and temperature of 1010 K [23]. The electron de-

generacy pressure cannot resist indefinitely the force of self-gravity of the growing mass

of iron. Once the iron core reaches the Chandrasekhar limit,∼ 1.44 M�, gravity overcomes

the electron degeneracy pressure and the core undergoes a collapse, increasing the cen-

tral density significantly. The increase in the density bolsters the electron capture reaction

rates,

p++ e −→ n 0+νe (1.5)

n 0+ e +→ p++νe (1.6)

further reducing the electron degeneracy pressure in a runaway cascade called ‘neutron-

ization’. The neutrinos rob the collapsing material of energy due to their low interaction

cross sections during the initial phases of collapse. This cascade is reinforced by the pho-

todissociation of the iron nuclei in the core into alpha particles, as well as an increase in

the β -decay rates of the now heavily neutronized iron-group nuclei [24, 25, 26]. The col-

lapse of the core continues until it reaches nuclear matter densities, ∼ 1014 g /c m 3 [27], at

which point nucleon-nucleon repulsion of the strong nuclear force becomes sufficient to

resist further collapse. As the equation of state stiffens, the PNS decelerates rapidly, over-

shoots the equilibrium state, and rebounds outward into the inward falling material. An

outwards moving pressure wave forms as the PNS rebounds. This pressure wave steepens
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into a shock when it reaches the radius at which the speed of the infalling material exceeds

the speed of sound in the medium.

As the shockwave propagates outward through the infalling core material, nuclei are

photodissociated into free nucleons, a process that leads to a reduction of the thermal en-

ergy of the matter behind the shock and significantly reduces the shock’s radial velocity.

After the initial energy imparted by the core rebound is lost to photodissociation, a semi-

stable equilibrium is reached with the shock stalled at a radius of approximately 100-200

km. The stability of the shock is sustained by the continued accretion of matter onto the

PNS, known as an accretion shock. Without another source of energy, this equilibrium is

is unsustainable as the mass accretion rate onto the PNS will dwindle with time. The dy-

namics of the matter beneath the stalled shock determine the outcome of the supernova.

The energy and pressure in this matter must increase if the shock is to be revived and the

star explode. Identifying and characterizing the mechanisms that drive the semi-stable

equilibrium of the standing accretion shock toward shock revival and explosion, or shock

retreat and collapse to a black hole, remains a central focus in supernova research.

1.3.2 Shock Revitalization Mechanisms

Given that supernovae have been observed to occur, mechanisms must exist to revive the

stalled shock of core-collapse supernovae. While the means by which the energy is deliv-

ered to the shock is an active area of research, the most favored mechanism for shock re-

energization is the ‘delayed-neutrino heating mechanism’ [28, 12, 29]. As the core under-

goes neutronization during collapse (see § 1.3.1), large quantities of electron neutrinos

and antineutrinos are released into the stellar material. These are supplemented by ther-

mal processes which create additional pairs of electron neutrinos and antineutrinos, and

the heavy lepton flavors. Despite the low interaction cross section with matter, the incred-

ibly high concentration of matter, in excess of ∼ 1012 g/cm3, results in a neutrino mean

free path of only a few centimeters. Under these conditions, the ∼ 1053 neutrinos within

the PNS are trapped, directing kinetic energy into heat through interactions with nucleons

and electrons [10]. A small fraction of these radiated neutrinos will interact with the matter

above the PNS and deposit energy into the material. However, results from 1D simulations

indicate that neutrino heating mechanism alone cannot deposit sufficient energy for the

shock to be revived [30].

The dynamics of a shock revival are heavily dependent on the area below the accretion

shock known as the ‘gain region’. This gain region is the region below the shock for which
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neutrino heating per nucleon, given by

Q+
ν ≈ 5×10−39(

Lνe
〈ε2
νe
〉

〈µ〉νe
r 2

Yn +
Lνe
〈ε2
νe
〉

〈µ〉νe
r 2

Yp (1.7)

exceeds the neutrino cooling per nucleon, given by

Q−ν ≈ (1.146

MeV
kB T )6. (1.8)

Heating in this region is concentrated closer to the PNS due to the steep density gradients

present in the stellar core. The contributions to the neutrino heating are dependent upon

nucleon density, and density is on average decreasing radially in the gain region. Due to

this inhomogeneous heating, matter at the innermost radius of the gain region is being

heated more than matter further away from the core. The heating creates an inverted tem-

perature gradient which is unstable and buoyancy begins to initiate convection within

the gain region. Hot material is welled up from the core and brought up to just behind

the shock, passing through the entire gain region en route. As such, the fluid properties

within the gain region determine how successfully this convection cycle can deliver en-

ergy to the shock front. A plethora of physical effects could aid or hinder this delivery, and

it is often the case that these effects require multidimensional models to understand fully.

Should the hot material be able to spend enough time to deposit energy behind the shock,

the shock is revitalized and the star will successfully explode and enrich the surrounding

space with newly formed heavy elements while leaving behind a neutron star remnant.

Otherwise, the shock will retreat, the supernova will fail, and a black hole will be formed

instead.

The timescales required to deliver energy to the shock dictate what mechanism is re-

sponsible for shock revitalization. In general, the neutrino heating timescale is defined as

the amount of time that material in the gain region would need to be exposed to the cur-

rent neutrino heating rate in order that it acquire enough energy to unbind the material

i.e. overcome the gravitational potential. This timescale is given by

τν =

���� Egain

Q̇ net
ν nb

���� , (1.9)

where Q̇ net
ν = d

d t (Q
+
ν −Q−ν ) is the net neutrino heating rate per nucleon, nb is the baryonic

number density, Egain = Ekin + Einternal + EB −ρϕ is the sum of all sources of energy of the
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gain region, Ekin is the kinetic energy, Einternal is the internal energy, EB is the magnetic

energy, ρ is the density, and ϕ is the gravitational potential. To provide a metric for the

energy delivered to the shocked material by neutrinos, this quantity is compared to the

amount time matter spends within the gain region, known as the advection timescale. The

advection timescale is measured as

τadv =

����Mgain

Ṁgain

���� , (1.10)

where Mgain is the mass in the gain region. The ratio of these two timescales indicate if mat-

ter within the gain region spends enough time there to be heated by neutrinos to overcome

the gravitational potential and become unbound. If τadv exceeds τν, then the material in

the gain region will become heated enough to allow for the shock to expand.

Considering the energy terms that contribute to the total energy in the gain region Egain,

a multitude of mechanisms can influence the neutrino heating timescale. Increasing any

term in that equation, besides gravitational energy, will shorten the timescale as Egain is

negative prior to explosion. Thus, modifications to the kinetic energy, nuclear reaction

rates, microphysical processes, or magnetic fields can influence the extent to which neu-

trinos deposit energy in the gain region.

One clear source of energy that can be fully modeled in 3D is rotation of the supernova.

Rotation is a source of initial kinetic energy for the supernova and can also introduce asym-

metries and instabilities into multidimensional models that foster explosion. One such

fluid instability is known as the standing accretion shock instability (SASI) [31] that results

in nonradial deformations of the shock front. Critically, these deformations have been seen

to have rapid growth rates that can become dominant sources of kinetic energy in the gain

region and drive an explosion independently of the neutrino heating [32]. A SASI can also

indirectly influence the energy delivered by neutrinos to the core of the supernova, if it

does not grow fast enough to drive the explosion independently. When a SASI is present,

the shock front tends to expand outward as a response to the nonradial modes that are in-

troduced into the fluid. This leads to an increase in the advection timescale as the amount

of shocked mass increases significantly without major change to the mass accretion rate.

At the same time, a decrease in the neutrino heating timescale will occur with the introduc-

tion of kinetic energy to the gain region from rotation. The compounding of these effects

can result in a neutrino driven explosion that is promoted by the presence of a SASI [33].

Mechanisms for explosion are not solely limited to the energy and momentum de-

posited by neutrinos. Magnetorotational mechanisms for supernova explosion were pro-
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posed early on in the history of CCSNe modeling [34, 35, 36]. Magnetic fields, coupled with

rotation, provide channels through which energy can grow within the gain region and po-

tentially drive an explosion. The most critical factor in determining if a supernova will be

magnetorotationally driven is the timescale of the growth of the magnetic field [37]. If the

timescale for magnetic field growth, and subsequently magnetic energy growth, is shorter

than the timescales of other energy generation mechanisms, then the magnetic field en-

ergy generation can deliver the necessary energy to the shock front for revitalization.

One mechanism for magnetic field growth is the compression of accreted magnetic

fields in the core. As magnetized material advects from the outer layers of the star into the

core, the magnetic flux must be conserved for a given fluid element [38], as expressed in

equation (1.19) below. This "flux-freezing" mechanism of magnetic field growth will oc-

cur on timescales related to the advection timescales of the infalling magnetized material.

From the flux conservation equation (1.19), explained in greater detail in § 1.4.1 and Chap-

ter 2, the timescale for such growth can be derived as

τb =
Eb

|v⃗ · ((∇× b⃗ )× b⃗ )| (1.11)

where B⃗ =
p

4πb⃗ and Eb = (b⃗ · b⃗ )/2.

Rotation can lead to magnetic field growth via magnetic field line wrapping or dynamo

effects through motion of charged particles [39, 40, 41]. In multi-dimensional simulations,

rotation is not limited to bulk rotation about a coordinate axis. The potential supernova

has internal convection cycles and turbulent motion which lead to magnetic field gener-

ation through small and large-scale dynamos, and thus increase the energy contribution

from magnetic fields [42, 43]. Vorticity (ω⃗=∇× v⃗ ) is often used as an indicator of turbulent

motion in plasma dynamics [44]. Thus, an effective measure of tracking the timescale of

turbulent-related magnetic field growth can be tied to the growth rate of the vorticity, or

equivalently the scalar quantity enstrophy (εω =
1
2ω⃗

2). Derived in Chapter 2, the growth of

the enstrophy can be represented by

τε =
εω

|v⃗ · ((∇× ω⃗)× ω⃗) + ω⃗ · m⃗ | (1.12)

where m⃗ , the baroclinic vector, represents the relationship of the enstrophy to the mag-

netic field and will be explored in depth in later chapters.

Additionally, a moderate rotation of the star can initiate a magnetorotational instability

(MRI) [45], driving the magnetic field of the PNS to grow at an exponential rate. This expo-
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nential growth, if achieved, introduces a large amount of magnetic energy into supernovae

on short timescales and can become a dominating source of energy in shock revitalization.

The criterion for an MRI is defined as:

dΩ2

d ln(r )
+ (k⃗ · v⃗A)

2 < 0 (1.13)

where

v⃗A =
B⃗p
4πρ

(1.14)

is the Alfvén velocity, k⃗ is the wavenumber of an Alfvén wave, andΩ is the angular velocity

[46]. In regions of high density, such as in the PNS, the the Alfvén velocity becomes negligi-

ble and the MRI condition becomes entirely dependent upon the angular velocity gradient.

If this condition is met, i.e. the angular velocity gradient becomes negative in high density

regions, then the magnetic field grows exponentially, with the maximum growing Fourier

mode growing on a timescale of

τma x = 4π

���� dΩd ln r

����−1

. (1.15)

See [46, 47] for a detailed derivation. This exponential growth of the MRI outpaces the lin-

ear growth of the field due to both field line wrapping and the α−Ω dynamo. With a large

enough rotational gradient, the MRI growth of the field energy can outpace the energy

growth of the fluid due to neutrino heating, resulting in an energy source for shock revital-

ization that becomes dominant relative to the neutrino heating.

It remains to be seen what conditions in CCSNe are achieved when a magnetic field is

applied. While studies have been undertaken to understand these magnetohydrodynam-

ical fluid dynamics in an isolated framework [44, 48], studying these processes in more-

complete core-collapse supernova simulations is still an area of active research. Accurately

capturing these behaviors is the next challenge of the field. An accurate study requires mul-

tidimensionality, high spatial resolution, and the ability to quantify these effects. Achieving

this level of sophistication of supernova modeling has been a decades long enterprise and

has resulted in our ability to more deeply probe the physics driving CCSNe.
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1.4 Modeling CCSNe

There is a long history of modeling core-collapse supernovae under a collection of initial

conditions and constraints. The complex and extreme nature of CCSNe means that mod-

eling these events accurately demands the most powerful computational resources avail-

able. To reduce the computational expense, different approximations of the underlying

physics must be implemented to provide any opportunity to evolve one of these models

to completion.

CCSNe simulations were only initially achievable due to approximations of some of the

more complex physics. Spherically symmetric, one dimensional (1D) models have defined

the field since its inception in the 1960s [9, 49, 11]due to their computationally efficient na-

ture. One dimensional models are still commonly pursued and we refer the reader to [23]

for a comprehensive review of 1D simulations up to this point. The parameter space for

the initial conditions in CCSNe modeling is vast and 1D simulations provide the oppor-

tunity to probe these parameters. 1D simulations have a strength in their efficiency and

ability to explore this parameter space more fully when compared to more complex sim-

ulations. Despite their basis for the majority of the field, these simulations are not able

to achieve unaided explosions observed in reality [30, 50, 51, 52, 53]. Artificial methods

have been introduced to 1D simulations to allow for effective studies in the CCSN param-

eter space. In general, all of these artificial methods share the approach of inserting some

amount of energy into the CCSN simulation to facilitate explosion. The energy has to be

added in such a way that it causes the least disturbance to the properties of the supernova.

Piston methods accelerate a portion of the material within the core outward at a critical

juncture [54]. Other methods, known as a thermal/kinetic bomb, directly add kinetic or

thermal energy into mass zones within the gain region [55, 56, 57, 58, 59]. These methods

are effective at promoting the explosion of CCSNe, but they cannot account for the changes

in the innermost zones during collapse and the onset of the explosion. For example, they

do not account for changes in the electron fraction during these phases of the supernova.

Refinements on these methods require introducing energy to the system in a way that is

both more physically grounded and captures the multidimensional effects of 3D simula-

tions. P-HOTB [60] triggers explosions by artificially increasing neutrino luminosities, a

process calibrated using a 20 M� progenitor to match the observed explosion energy and
56Ni ejecta of SN 1987A [61]. The physical motivation for this approach is to retain the sen-

sitivity of the explosion dynamics to the progenitor’s specific core structure and accretion

rate. The PUSH method, detailed in more detail later in this work, also uses the energy flux
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of the neutrinos to increase the heating of the matter gain region and is similarly calibrated

to the observations of SN 1987A. By coupling this heating to the heavy-flavor neutrinos,

PUSH acts as a proxy for the increased heating efficiency caused by multi-dimensional

convection, without altering the electron fraction relevant for the nucleosynthesis. Yet an-

other method, STIR [62], captures the effects of turbulence upon the supernova observed

in multi-dimensional simulations by leveraging a mixing length approximation, condens-

ing the complexities down to a single parameter aλ. STIR then injects energy into 1D mod-

els through this parameter to facilitate explosions.

Advances in available computational resources have allowed for an increase in the

complexity of these simulations, namely in dimensionality. The processes that dominate

CCSNe evolution are 3D in nature [63, 64, 65, 66, 67] and as such it is important to model

them in 3D wherever possible. 3D simulations are able to successfully explode without the

incorporation of artificial energy deposition methods [26, 68, 69, 19, 70, 71, 72, 73, 74, 75].

Multidimensional models have uncovered new phenomena in the dynamics of CCSNe

such as convection and turbulence. Phenomena such as the SASI and magnetorotationally

driven explosions would otherwise have been missed if not for multidimensional simula-

tions [31, 16, 19].

Despite the increased availability of computational resources, 3D simulations are still

very costly in both time and resources and cannot explore to the same extent the space

of initial conditions as their 1D and 2D counterparts. Concessions must still be made on

some of the physics of 3D CCSN models due to the time and resource constraints. The neu-

trino transport is often the most computationally demanding component of simulations

and the most frequent target of attempts to increase computational efficiency. Neutrino

approximation schemes implemented in 3D simulations vary in complexity. Simple "leak-

age" schemes discard the neutrino transport equations and replace the interaction of the

neutrinos with matter with a source/sink term, while more complex methods, such as ray-

by-ray or moments, require a much more precise treatment of the neutrinos. The details

of these approximation schemes are explored in § 1.4.2.

1.4.1 Magnetohydrodynamic Equations

The magnetohydrodynamics of the fluid in CCSNe are governed by the equations for con-

servation of energy, momentum, mass, and magnetic flux. Assuming no viscosity and that

the electrical conductivity is infinite, the ideal magnetohydrodynamic (MHD) conserva-
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tion equations can be written as

∂ ρ

∂ t
+∇· (ρv⃗ ) = 0 (1.16)

∂ (ρv⃗ )
∂ t

+∇· (ρ(v⃗ ⊗ v⃗ )− b⃗ ⊗ b⃗ +∇P ) =−ρ∇ϕ (1.17)

∂ E

∂ t
+∇· [(E +P )v⃗ − b⃗ (v⃗ · b⃗ )] =−ρv⃗ ·∇ϕ (1.18)

∂ b⃗

∂ t
−∇× (v⃗ × b⃗ ) = 0, (1.19)

for the conservation of mass, momentum, energy, and magnetic flux, respectively.ρ is the

density, v⃗ is the fluid velocity, and E =ρeint+
ρ
2 v⃗ 2+ b⃗ 2

2 is the total energy density as the sum

of internal, kinetic, and magnetic energies [76]. eint is the specific internal energy, which

is a catchall term to represent the energy of the thermal and nuclear processes in the star.

The magnetic field is given by B⃗ =
p

4πb⃗ and P = pthermal +
b⃗ 2

2 is the total pressure. The

gravitational potentialϕ is found by solving the equation

∇2ϕ = 4πGρ. (1.20)

Equations (1.16)- (1.19) maintain the divergence free constraint of magnetic fields,

∇· b⃗ = 0. (1.21)

Further conservation equations can be applied to encompass the effects of nuclear reac-

tions and neutrino heating within the supernova. Imposing these restrictions, supernovae

are further governed by

∂ (ρYe )
∂ t

+∇· (ρYe v⃗ ) = 0 (1.22)

∂ ρX i

∂ t
+∇· (ρX i v⃗ ) = Ẋ i ,burn, (1.23)

where Ye is the electron fraction, X i is the mass fraction of a nuclear species i , and Ẋ i ,burn

accounts for the change in mass fraction due to nuclear burning.

To solve this system of partial differential equations, a closure relation is needed to cou-

ple the nuclear composition with the fluid’s properties. The equation of state (EOS) relates

the thermodynamic properties of stellar material (e.g., ρ, T , Ye , P ) and provides a closure

to the MHD equations. In the context of CCSNe, the EOS must be able to describe matter
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across several orders of magnitude of density. Since CCSNe probe regimes of physics that

extend beyond nuclear saturation density (ρ ≈ 2.6×1014 g/cm3), accurately modeling the

CCSN interior must account for the transition from isolated nuclei to bulk nuclear mat-

ter. The stiffness of the EOS is a parameter that represents the responsiveness of the pres-

sure to changes in density and dictates the strength of the core bounce in CCSNe models.

The choice of EOS and related parameters determines critical observable properties of ob-

servables such as the explosion energy [77, 78], making the development of accurate EOS

models a primary focus of nuclear physics research.

1.4.2 Neutrino Transport

Accurate modeling of neutrino transport in supernova simulations is critically important

for predicting the outcome of the simulation. In CCSNe, the neutrino transport is described

by the Boltzmann equation given by

1

c

∂ fν
∂ t
+4πµ0

∂ (r 2ρ0 fν)
∂m

+
1

r

∂ [(1−µ2
0) fν]

∂ µ0

+
1

c

�
∂ lnρ0

∂ t
+

3v0

r

�
∂ [µ0(1−m u 2

0 ) fν]
∂ µ0

+
1

c

�
µ2

0

�
∂ lnρ0

∂ t
+

3v0

r

�
− v0

r

�
1

E 2
0

∂ (E 3
0 fν)
∂ E0

=
jν
ρ0
− χ̃ν fν+Cν,

(1.24)

where fν is the specific neutrino distribution function Fν/ρ0, ρ0 and v0 are fluid rest-mass

density and velocity, E0 is the neutrino energy in the comoving inertial frame, and µ0 =

cosθ0 is the is the cosine of the neutrino direction angle relative to the radial vector in the

comoving inertial frame [79]. jν is the neutrino emissivity and χ̃ν is the modified neutrino

opacity, given as

jν− χ̃ν fν ≡ jν− ( jν+χν) fν = (1− fν) jν−χν fν. (1.25)

The final term in (1.24), Cν, accounts for collisions of neutrinos with electrons and nucle-

ons. We define the neutrino luminosity Lν, the neutrino mean energy 〈εν〉, and the mean
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square energy 〈ε2
ν〉 as

Lν(r⃗ , t ) = 4πr 2c
2π

(h c )3

∫ ∞
0

dε

∫ +1

−1

dµµ ε3 fν(r⃗ ,µ,ε, t ), (1.26)

〈εν〉(r⃗ , t ) =
1

A(r⃗ , t )

∫ ∞
0

dε

∫ +1

−1

dµ ε4 fν(r⃗ ,µ,ε, t ), (1.27)

〈ε2
ν〉(r⃗ , t ) =

1

A(r⃗ , t )

∫ ∞
0

dε

∫ +1

−1

dµ ε5 fν(r⃗ ,µ,ε, t ), (1.28)

where A is the normalization, defined as

A(r⃗ , t ) =

∫ ∞
0

dεν

∫ +1

−1

dµε2 fν(r⃗ ,µ,ε, t ). (1.29)

Solving the Boltzmann equations directly is a computationally expensive task but feasi-

ble in 1D with modern computational resources. Yet, the energy from the neutrinos is still

not sufficient to drive an unaided explosion, implying that multidimensional effects are

necessary for accurate supernova simulations [30]. In multidimensional simulations it be-

comes computationally impossible at the present time to fully solve the Boltzmann trans-

port equations coupled with the hydrodynamic equations. To handle the computational

load of the neutrino transport in multi-dimensional simulations, approximation schemes

are implemented to decrease the computational cost of the neutrino transport.

The approximation schemes range in complexity and are chosen based on what aspect

of CCSNe is the focus of a given study. The most basic of these are leakage schemes, in

which neutrino emission and absorption rates are calculated based on the neutrino opac-

ity in each zone and an approximate diffusion timescale. In leakage schemes neutrinos are

assumed to have a fixed single energy for all neutrinos. However, equations (1.26)-(1.28)

make clear that the neutrino dynamics are energy dependent, so a more complete neu-

trino model is necessary. More complex methods introduced the ability to handle the trans-

port of neutrinos of different energies. The multi-group flux-limited diffusion (MGFLD)

proposed a relationship between the neutrino flux and the energy gradient [80]. The intro-

duction of this energy treatment was a step in the right direction, but MGFLD was found to

underestimate the solution to the 1D neutrino transport equations [81]. MGFLD, however,

laid the framework for "moments"-based methods of neutrino transport. In a moments

method, the distribution functions can be broken down into an infinite series of angular
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moments, coupled to one another [50, 82]:

{J , H , K , L , ...}(t , r,ε) =
1

2

∫ +1

−1

dµµ{0,1,2,3,...}I (t , r,ε,µ) (1.30)

where µ = cosθ , ε is the neutrino energy, and I (t , r,ε,µ) is the integrand of a moments

based method, in the case of neutrino transport a function which is proportional to the

neutrino distribution f . Using moments introduces an infinite "tower of equations" where

the evolution of each moment depends upon the next moment in the tower. In practice,

one can truncate this series with a closure relation. A closure provides a physically-motivated

functional form for the next term in the series that, thus making the problem computation-

ally solvable. In the case of the Boltzmann transport, the first three moments correspond

to the neutrino energy density, flux, and pressure tensor, respectively. Thus, proposing a

relationship between the neutrino energy density and the energy flux, as in MGFLD, is a

0th order moment calculation (denoted M0). The most common implementations of mo-

ments calculations for neutrino transport utilize M1 transport, explicitly solving for the

energy density and the neutrino flux and using the closure to provide a relationship to the

pressure.

Another approach to solving the transport equations in 3D is ray-by-ray transport. This

technique explicitly solves the Boltzmann equations in 1D along a large number of radial

rays originating at the core of the CCSN [83]. This method operates on the assumption that

each 1D ray does not communicate with one another, neglecting lateral effects. A variant of

ray-by-ray, called ray-by-ray+, supplements the purely radial transport with approximate

coupling terms in optically thick regions to account for the missing interactions.

The final method described here is the one used for the remainder of this work, the

isotropic diffusion source approximation (IDSA). IDSA is a spectral radiative transfer code

for neutrino transport that focuses on four key aspects relevant to supernova conditions:

the thermodynamics of trapped neutrinos, the diffusion limit, the spectrum of transported

neutrinos, and the angular focusing of the neutrino propagation directions with increasing

distance from the neutrinospheres [84]. IDSA achieves this by decomposing the neutrino

distribution fν into distributions of trapped and streaming neutrinos,

fν = f t
ν + f s

ν , (1.31)

and evolving each separately. Trapped neutrinos have a channel to either interact with

matter, or escape and become free streaming, represented by a coupling function Σ. Sim-
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Figure 1.4: Figure taken from Liebendorfer et.al. [84] demonstrating the approach taken
to approximate the neutrino interactions with matter. The neutrino distribution is bro-
ken up into free streaming, f s and trapped, f t neutrinos. Each rate shown is the rate that
neutrinos may be exchanged between each state. The external source/sink represents free
streaming neutrinos.

ilarly, free streaming neutrinos may interact with matter at a rate of ( j +χ ) f s
ν . Figure 1.4

demonstrates the channels through which a neutrino can convert between streaming and

trapped distributions. With the assumption that the distribution of trapped neutrinos is

isotropic, equation (1.24) simplifies to

1

c

∂ f t
ν

∂ t
= jν− ( jν+χν) f t

ν −Σν. (1.32)

Σν is the coupling term between the trapped and free-streaming neutrinos, taken to be

Σν =min

�
max

�
αν+

1

2
( jν+χν)

∫
f s

o dµ0, 0

�
, jν

�
, (1.33)

with

αν =∇·
� −1

3 ( jν+χν+ϕν)
∇ f t
ν

�
. (1.34)

f s is the free-streaming neutrino distribution andϕν is the opacity for a neutrino species

and accounts for isoenergetic scattering in the mean free path [80]. In practice with finite

time resolution, f s in equation (1.33) is taken to be the free-streaming neutrino distribu-

tion from the previous time step.
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1.4.3 Progenitor Models

Modeling supernovae requires an accurate model of a star at the point before the core

begins to collapse. These presupernova models are sensitive to the input physics and re-

quire careful modeling to make predictions about the structure of the stars at the time

of collapse. The computational cost of resolving multidimensional fluid dynamics, mag-

netic fields, and large nuclear networks over millions of years until core collapse restricts

the ability of stellar theorists to model these effects in 3D over the entire life of the star. To

combat this, these stars are often modeled in 1D and implement approximation schemes

for the computationally expensive physics. 3D stellar progenitors for supernova simula-

tions have been generated [85] by evolving the cores of 1D models of stars which have

been mapped to 3D for the last few minutes of their lives prior to collapse. The progeni-

tors used in this work are 1D models produced from the KEPLER [86, 57] and MESA [87]

stellar evolution codes.

KEPLER is a 1D implicit hydrodynamics solver developed to evolve supernova progen-

itors through the hydrostatic and explosive burning phases of stellar evolution [86]. KE-

PLER can evolve a collapsing stellar model through core-collapse and explosion, resulting

in an all-in-one code that models a star from birth to death. KEPLER supports both piston-

driven explosions and thermal bomb methods for supernova shock revival. Additionally,

KEPLER includes radiative diffusion in its evolution to allow for the calculation of light

curves during and after the explosion phase. KEPLER also has a large nuclear reaction net-

work and can be used for nucleosynthesis calculations of CCSNe yields.

Modules for Experiments in Stellar Astrophysics (MESA) is a 1D open-source adaptive-

mesh stellar evolution code that can be used to generate progenitors for supernova simu-

lations [87]. While KEPLER is specifically designed and optimized for massive stars, MESA

differentiates itself via its modular nature and flexibility to include a wide range of physics.

MESA implements a Henyey-type mixing length theory scheme to approximate the hydro-

dynamic quantities in a star and is not well-equipped to handle shock evolution beyond

collapse [88, 87]. MESA can be used to model candidate stars of varying ZAMS masses

up to the red supergiant (RSG) phase and into core collapse, creating a 1D pre-supernova

model that can be evolved separately in a chosen supernova evolution code equipped to

more accurately handle the hydrodynamics of the explosion.

MESA’s modularity is one of its key strengths in that it does not confine the pre-supernova

models that it generates to one strict set of physics. It has been shown that evolution to the

RSG phase is highly dependent on many physical and simulation parameters, including,
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Figure 1.5: Figure from Ebinger et. al [92], demonstrating the effects of compactness on
explosion energy for 1D supernova models. The left axis is the explosion energy of the su-
pernova, and the bottom axis is the compactness of the supernova at bounce. Open sym-
bols correspond to models to the left of the compactness peak of KEPLER models, while
filled symbols indicate models to the right of the compactness peak.

but not limited to, resolution, dimensionality, and choice of nuclear network size [89, 90,

91]. RSGs modeled with small nuclear networks have been shown to have a different struc-

ture than those modeled with large networks [91]. For the progenitor models generated

by MESA in this work, the chosen nuclear network will track 206 isotopes through stellar

evolution. Specific details of our implementation can be found in Chapter 4.

As discussed previously, stellar models are highly dependent on the treatments of var-

ious processes during their evolution. The mass loss scheme for the star is an incredibly

influential, yet poorly constrained, determinant of the structure of the star at the point of

collapse, and thus the resulting supernova [94, 95, 96, 97]. Mass loss is the means by which

a star loses mass to stellar winds over the course of its lifetime. The mass loss prescriptions

used in KEPLER 2007 [57] and MESA [93] follow the prescriptions laid out in [98] and [94].

The rate of mass loss, Ṁ , is described by

log
Ṁ

η
=

F (L∗, M∗, Teff, v∞/vesc, Z ) 12, 500 K≤ Teff ≤ 22, 500 K

G (L∗, M∗, Teff, v∞/vesc, Z ) 27, 500 K≤ Teff ≤ 50, 000 K
(1.35)

during the main-sequence hot-phase, and

log
Ṁ

η
=H (L∗, Teff) (1.36)
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Figure 1.6: Resultant compactness of 36 MESA models with various wind efficiency pa-
rameters from Meyers et al.. The colors represent values of η, and the shape represent
different approaches to the convective mixing scheme in MESA [93].

during the RSG cool-phase, where F,G and H are functions describing the relationship

between the measurable quantities and the mass-loss rate Ṁ and 0<η≤ 1 is a parameter

describing the efficiency of the stellar wind. For the KEPLER models used in this work [57],

a value of 0.8 was used for this parameter. These progenitors will be used in the work in

Chapters 2 and 3. MESA models, conversely, allow us to modifyη as a free parameter. Modi-

fications toηhave been shown to impact the resultant compactness of presupernova mod-

els [99, 93].

Another adjustable parameter in MESA is the treatment of convective overshooting,

the amount by which convective matter overshoots the boundary of radiative and con-

vective interfaces [100, 101, 102, 103]. Convective overshooting has few observational con-

straints and it is not well understood to what depth into the radiative zone this overshoot-

ing occurs. Within the framework of MESA, the treatment of the convective overshooting

is a modifiable parameter. Several treatments of convective overshooting exist, and all of

them focus on the value of the diffusion coefficient D (r ). One such case is simple "step"

overshooting, wherein the diffusion coefficient is treated as a constant throughout the re-

gion of interest, i.e.

D (r ) =D0. (1.37)
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A more in-depth analysis of the fluid dynamics suggest that step overshooting may not be

the most accurate behavior at these boundaries. Instead, an exponential decay overshoot-

ing has been introduced,

D (r ) =D0 exp

�−2(r − r0)
fovHp ,0

�
, (1.38)

where D (r ) is the convective mixing efficiency, D0 is the convective mixing efficiency at

the interface, r0 is the radial position of the convective/radiative boundary, r is the radial

position within the star, Hp ,0 is the pressure scale height, and fov is a free parameter [100].

The amount by which the convection overshoots the boundary and the regions within the

star in which it is implemented can impact abundances at the core of the star [102], which

ultimately play a role in the structure of the star and thus the compactness.

To gain an indication of the explosion outcome of supernova progenitors, a parameter

known as ‘compactness’ (ξM ) has been proposed to understand correlations within CCSNe

models [104]. The compactness is defined as

ξM =
M /M�

R (M )/1000km
, (1.39)

where M is a chosen mass and R (M ) is the radius in km that contains M amount of mass

beneath it.ξM is taken at an a priori selected mass cut M and is normally calculated at core

bounce for collapsing supernova models. However, [99] have shown that the compactness

calculated at bounce is nearly identical to the compactness calculated in presupernova

models that have reached an infall velocity of 1000 km/s.

It has been seen that compactness correlates with many supernova properties, such

as explosion energy, explosion time, and nuclear composition [105, 106, 92, 78, 107]. Fig-

ure 1.5 shows an example of one such correlation betweenξ2.0 and explosion energy from [92].

Figure 1.6 shows the compactness taken at M = 2.5 M� for an array of supernova progen-

itors evolved from MESA, for various treatments of the mass loss wind efficiency and the

overshooting prescription. From the figure, there are clear differences in the compactness

as a function of both the wind efficiency and the convective overshooting for an array of

ZAMS masses. The implications of which, explored in more detail in Chapter 4, are that

the wind efficiency parameter and the convective overshooting treatment can impact the

outcome of CCSNe and must be a consideration when running these models.
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1.5 Supernova Models

1.5.1 AGILE-IDSA with PUSH

AGILE is a 1D Lagrangian general relativistic hydrodynamics code that solves the conserva-

tion equations outlined in (1.16)- (1.18) in spherical symmetry [108]. The deleptonization

scheme of [109] is applied during collapse. Given that AGILE is a 1D code, the magnetic

field terms in equations (1.16)- (1.18) are set to 0, and the magnetic flux conservation con-

dition becomes irrelevant. AGILE uses an adaptive spatial grid along with implicit time

evolution to resolve the extreme gradients that occur in core-collapse supernovae. For elec-

tron neutrino and antineutrino (νe /νe ) transport, AGILE utilizes IDSA [84]. For the heavy

flavor neutrinos (νx = νµ,ντ,νµ,ντ) AGILE-IDSA uses the advanced spectral leakage (ASL)

scheme of [110] to handle their transport.

The PUSH method is a method for triggering explosions in 1D CCSNe simulations

by introducing artificial heating in a physically motivated manner [111]. The core prin-

ciple is to mimic the missing energy from multi-dimensional hydrodynamics by deposit-

ing extra thermal energy in the gain region. To achieve this without disrupting the elec-

tron fraction, PUSH sources this extra heating from the heavy lepton neutrino luminosity

((νx = νµ,ντ,νµ,ντ). PUSH achieves this numerically by integrating a local heating term,

Q+
PUSH = 4G (t )
∫ ∞

0

q+PUSH(r, E ) d E , (1.40)

where

q+PUSH(r, E )≡σ0

1

mb

�
E

me c 2

�2 1

4πr 2

�d Lνx

d E

�
F (r, E ) (1.41)

and

σ0 ≡ 4GF (me c 2)2

π(ħh c )4
(1.42)

is of the order of a typical neutrino cross-section. me and mb represent the electron mass

and the average baryon mass, andF (r, E ) and G (t ) are control terms to constrain where
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and when PUSH is active. G (t) is a piecewise function that has the following prescription:

G (t ) = kPUSH ×



0 t ≤ ton

t−ton
trise

ton < t ≤ ton+ trise

1 ton+ trise < t ≤ toff

toff+trise−t
trise

toff < t ≤ toff+ trise

0 t > toff+ trise

(1.43)

where t is the time post-bounce, and ton, toff, trise, and kPUSH are all free parameters con-

trolling the strength and time of PUSH’s effect. ton is set by finding the time in multidi-

mensional models for which the ratio of the advection timescale to the convective growth

timescale satisfy τadv/τconv >∼ 3, signaling that convection has begun. This was found to

occur in the range of t = 0.06 − 0.08 s. toff is set to 1 s as the neutrino driven explosion

occurs well before 1 s in CCSN simulations. By comparing the explosion energy and nu-

cleosynthetic yields of an 18.8 M� supernova simulation with observations from SN1987A

[112, 65], kPUSH and trise have been constrained. Similarly,F (r, E ) confines the spatial do-

main of PUSH to only operate in the gain region,

F (r, E ) =

0 r >Rshock or ėνe ,ν̄e
< 0

e −τνe (r,E ) otherwise
(1.44)

where Rshock is the shock radius, ėνe ,ν̄e
is the electron neutrino specific energy deposition

rate, and τνe
is the optical depth for electron flavor neutrinos.

1.5.2 ELEPHANT

The ELegant and Efficient Parallel Hydrodynamics and Neutrino Transport code (ELE-

PHANT) is a 3D magnetohydrodynamic code used for modeling CCSNe [113]. ELEPHANT’s

computational domain consists of a high-resolution fixed 3D Cartesian mesh running si-

multaneously with a 1D grid that extends well beyond the 3D domain. AGILE, detailed in §

1.5.1, models the spherically symmetric component of the simulation on the 1D grid, and

provides information regarding the boundary conditions for the material falling into the

3D domain. ELEPHANT’s 3D cartesian grid allows for a high fidelity simulation in regions

that are otherwise lost to adaptive mesh approaches while also preventing singularities at
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the center of the star. Based on the the work done in [114], ELEPHANT solves the hydro-

dynamic equations (1.16)- (1.20) and (1.22)- (??) in the modified Newtonian gravitational

potential together with IDSA for the neutrino transport scheme. ELEPHANT does not ac-

count for nuclear burning and thus equation (1.23) is not considered in its calculations.

ELEPHANT uses operator splitting between the solutions of the hydrodynamic equations

and the neutrino transport equations.

In this work ELEPHANT is implemented with the Lattimer-Swesty EOS with an incom-

pressibility parameter K = 220 MeV [115]. In general this can be interchanged with other

choices of EOS. The gravitational potential is modified following the prescription in [116]

to include general relativistic corrections to the Newtonian potential. The hydrodynam-

ics equations (1.16)-(1.20) and (1.22)-(??) are solved using the second-order relaxation

scheme of [117]. To enforce that the scheme is total variation diminishing, ELEPHANT im-

plements the minmod limiter in supersonic flow regimes and the van Leer limiter in sub-

sonic regimes [114]. For the time integration, a second-order predictor-corrector method

is used.

ELEPHANT is initialized using 1D progenitor models and assumes spherical symmetry

at the onset of collapse. The 3D domain of ELEPHANT is initially filled with 1D data from

the progenitor model rotated symmetrically about θ ,ϕ. There is no information about

rotation or magnetic fields stored in the 1D progenitor. ELEPHANT thus algorithmically

defines these quantities at initialization and at the boundary for any new infalling material

from AGILE. The rotation profile of ELEPHANT is described by two parameters, Ωr o t and

rr o t . ELEPHANT pre-calculates values for the specific angular momentum L/m for each

AGILE zone i at the start of the simulation according to

L

m
=

2

3
Ωr o t

r 2
i r 2

r o t

(r 2
i + r 2

r o t )
, (1.45)

where ri is the radius of the i ’th AGILE grid zone, rr o t is a scaling factor to determine at

what radius L/m becomes the moment of inertia of a spherical shell, andΩr o t is the input

parameter corresponding to the angular velocity of the spherical shell. ELEPHANT stores

the specific angular momentum for the AGILE zones in a table alongside the mass coor-

dinate of each AGILE zone. As the simulation evolves, material that is newly accreted into

the 3D domain is assigned velocity components that follow from the conservation of an-

gular momentum. To find the initial velocity of grid zone j in the 3D domain ELEPHANT

performs a linear interpolation to find the value of L/m for the zone given its mass coordi-

27



nate, then computes the z component of the angular velocityΩz for that grid cell according

to

Ωz =
3

2 r 2
j

�
L

m

�
(1.46)

ELEPHANT then assigns the velocity components vx and vy for the cell to be vx = −ry Ωz

and vy = rx Ωz .

The magnetic field must be defined in such a way to preserve the divergence-free condi-

tion (equation (1.21)) of Maxwell’s equations. ELEPHANT achieves this by first construct-

ing the vector potential A⃗ and then computing the corresponding magnetic field as B⃗ =

∇× A⃗, thus ensuring that analytically∇· B⃗ = 0. The toroidal and poloidal components of B⃗

are parameters determined at compile-time, and they are inserted into the vector poten-

tial such that

B⃗ =∇× A⃗ = 〈p2Btoroidal,
p

2Btoroidal, Bpoloidal〉, (1.47)

where Btoroidal and Bpoloidal are constant input parameters for the magnetic field strength.

This algorithm results in a constant magnetic field throughout the entire core of the star,

which is unphysical. The magnetic field is expected to scale with density in the core of stars.

Thus we introduce an explicit scaling factor of the density in the vector potential:

A⃗corrected = A⃗
�
ρ

ρref

� 1
2

(1.48)

where ρref is a parameter defined at compile-time and represents the density at which the

vector potential is equal to the expected value given the input magnetic field strength. This

algorithm for constructing the magnetic field is applied both at simulation initialization

and at the boundary of the 3D domain for material flowing onto the 3D domain from the

1D AGILE domain.

Code Modifications

As described in § 1.5.2, ELEPHANT uses a finite-differencing scheme to solve the ideal

MHD equations. To perform these calculations near the edges of the 3D domain, ELE-

PHANT must retain a buffer of zones outside of the physical simulation domain to ensure

accurate differencing at the boundaries. These zones outside of the simulation domain,

denoted as boundary zones, are filled with data from the simultaneous 1D AGILE simu-

lation that is running in tandem with ELEPHANT as described previously. The magnetic

field data in these newly filled zones must be adjusted so that it is brought into agreement
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Figure 1.7: The state of the magnetic field in ELEPHANT when a new magnetic field (black
arrow) is prescribed in a boundary zone (red) as compared to a zone that has undergone
MHD evolution (blue).

with the evolved simulation data of the physical domain. Specifically, the constraint of

equation (1.21) must be preserved throughout the simulation. Figure 1.7 gives a visual de-

piction of the discrepancy. ELEPHANT algorithmically corrects the data in the boundary

zones, adjusting the field in such a way that the divergence between the real domain and

the boundary zone is minimized. This approach is effective but results in unforeseen com-

plications when parallelization is introduced. ELEPHANT uses MPI to parallelize the cal-

culations within the 3D domain and this means that the computational domain is broken

up into several large subdomains. In the initial version of the ELEPHANT code, an issue

arose due to the lack of communication between the subdomains during the field adjust-

ment process in the boundary zones. This manifested as discontinuities in the magnetic

field advected into the 3D domain. These discontinuities propagated into the gain region

of the star, resulting in what appeared as the distinct "slices" seen in Figure 1.8. In each

of these slices, the magnetic field would be self-aligned and divergence free, i.e. ∇ · B⃗ = 0.

Yet, the magnetic field in a given slice would point opposite the field in the adjacent slice,

highlighted by the streamlines in the right panel of Figure 1.8. This opposition introduced

an unphysical nonzero divergence of the field that persisted throughout the simulation.

To understand the source of this discontinuity, it is necessary to understand the means

by which ELEPHANT parallelizes the 3D domain. The cartesian grid is partitioned into rect-

angular prisms such that the zones are evenly distributed across all parallel processes. This

partitioning applies to the boundary zones as well. Each process handles the evolution of

the MHD equations in the subdomain independently from the others. Due to this, when
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Figure 1.8: Left: An example of the magnetic field prior to code modifications. Discontin-
uous values of B⃗ at the interface of each subdomain are visible. The subdomain interfaces
are spaced every 50 km along the boundaries. Right: the same data with streamlines over-
laid. Note the alternating directions of the magnetic field on-axis.

new magnetic field is advected into a boundary zone for a particular subdomain, its diver-

gence correction with the physical domain does not account for the adjacent subdomain.

Thus, while the magnetic field on the boundary within an MPI task is divergence free, the

zones adjacent to each other between MPI tasks are not divergence free. This creates a

feedback loop where the magnetic field vectors continue to align themselves on the phys-

ical domain, but do not align themselves across subgrid processes in the boundary zones.

Thus, clearly divergent regions appear at the interface between two boundary zones, with

magnetic fields pointing in opposite directions adjacent to one another.

To address this issue, an overhaul had to be made to the means by which the bound-

ary zones preserved the divergence-free condition. Within a subdomain, the standard pro-

cess of divergence minimization through a total variation diminishing (TVD) scheme can

be replicated between boundary zones. First, the TVD scheme minimizes the divergence

across all spatial zones within a boundary subdomain, as is done in the original code. This

method calculates a correction term for each zone to minimize the divergence. To improve

upon this, we introduced an algorithm for distributing the "excess divergence" to adjacent

zones. For a given subgrid, the average correction obtained from the TVD scheme is cal-

culated for the current subgrid, as well as any subgrids that are physically adjacent. Then,

the average correction of the subgrid and all adjacent subgrids is distributed such that the

current subgrid has 0 correction factor, thus creating a correction flux away from the cur-

rent subgrid. This process is repeated for all zones, pushing the calculated divergence out-
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Figure 1.9: A plot of a toroidal magnetic field from the ELEPHANT code after the imple-
mentation of the divergence correction algorithm.

ward until it reaches the edge of the boundary subgrids, at which point it is removed from

the simulation. In this way, there is no unphysical divergence introduced in the boundary

conditions of the simulation domain and the strange behavior of the magnetic field is re-

moved. The results of this algorithm can be seen in the magnetic field plot in Figure 1.9.

Clearly the domain has become much smoother and the magnetic field is now upholding

the divergence-free condition of Maxwell’s equations across the entire domain.

A more nuanced problem within ELEPHANT emerged in the process of determining

the appropriate magnetic field prescription on the boundary. As described, the prescrip-

tion of the vector potential at the initialization of ELEPHANT has been chosen to be scaled

by a factor of
p
ρ to create a more physically realistic magnetic field. While ELEPHANT

works on a fixed grid, AGILE has an adaptive grid structure that spaces radial grid zones

at varying positions, optimized for providing the highest resolution near the shock. AGILE

does not have a grid point at r = 0. Because of this, there are many zones within the center

of the ELEPHANT domain that are not covered by an AGILE grid zone. To calculate quan-

tities for these zones, ELEPHANT performs a linear interpolation for 3D zones that are

located between AGILE radial zones. An initial density and magnetic field profile for ELE-

PHANT along a radial ray is shown in Figure 1.10 and immediately an issue near the core

becomes clear. Without a density available at r = 0 km, ELEPHANT has no way to interpo-

late density from r = 0 to the first AGILE zone. As such, ELEPHANT’s initial density profile

is constant to nearly r ≈ 130 km. A discontinuity is then introduced at the first AGILE grid

zone. While for the evolution of the simulation this is a minor issue, our prescription for
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Figure 1.10: A 1D profile of density (top) and magnetic field (bottom) through the 3D ELE-
PHANT domain left: prior to modifications of the density interpolation and right: the same
data after the introduction of power law smoothing. The black dashed lines represent the
grid zones of the 1D progenitor.

the vector potential suffers greatly from a discontinuity. By introducing ρ =ρ(x , y , z ) into

the formula for the vector potential, we now recover the formula for the magnetic field as:

B⃗ =∇× (A⃗( ρ
ρref
)

1
2 ) (1.49)

B⃗ =
1p
ρref
(∇×pρA⃗) (1.50)

B⃗ =
1p
ρref
(
p
ρ(∇× A⃗)− A⃗× (∇pρ)) (1.51)

B⃗ =
√√ ρ
ρref

B⃗expected− 1

2
p
ρ
(A⃗×∇ρ) (1.52)

where B⃗expected is the magnetic field expected from the input vector potential. As is evident

from Equation (1.52), there is a dependence of B⃗ on the gradient ofρ. Thus, discontinuities

inρ result in discontinuities in B⃗ . To remedy this, it was necessary to have a smooth density

contour for the scale factor in front of A⃗. Taking care to only alter the interpolation at the

core of the star and to leave the rest of the interpolation unchanged wherever possible, we

modified the code to utilize a power law interpolation on ρ from r = 0 km to two AGILE

zones beyond the discontinuity in the term preceding A⃗. This implementation removes

the discontinuity in the scale factor in front of A⃗ and, when curled, results in a smooth

magnetic field profile, shown in the right panel of Figure 1.10.

As CCSNe simulations in ELEPHANT evolved over time, simulations with a successful
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shock revival faced the issue of expanding beyond the grid. CCSNe explosions are generally

considered to be "exploding" when the shock has extended beyond 500 km after revival.

Unfortunately, to simulate a full CCSNe simulation of ELEPHANT with a 10003 km3 domain

size would require computational resources well beyond what we can access. Further, this

would be a waste of resources as the asphericity in the CCSNe do not extend beyond the

shock, which does not exceed 200 km for quite some time, if at all. To maintain computa-

tional efficiency, we developed a technique to extend the 3D grid when the shock reaches

the boundary of the current 3D domain. To do this we exploited the ability of ELEPHANT to

fill the 3D domain from 1D data, an ability also used during the initiation process from the

progenitor. To extend the grid, we use the solution computed by AGILE to fill an enlarged

3D mesh, and then insert the data from the previous, smaller, 3D domain into the center

of the new, larger, 3D domain. This technique extends the boundary of the domain with

model-accurate quantities and the simulation can then be continued from the extended

dataset. Thus we can run the simulation until the shock reaches 500 km in a computation-

ally efficient manner.

1.6 Motivation

A deeper understanding of the evolution of CCSNe remains one of the most challenging

problems in modern astrophysics. CCSNe act both as a source of the elements and create

an array of compact objects that we observe, such as magnetars, pulsars, and stellar-mass

black holes [118, 119, 120, 121, 122, 123, 105]. We cannot reliably predict from the initial

properties of a star the supernova outcome, or the properties of the compact object rem-

nant. The magnetic field strengths of magnetars and pulsars can exceed 1014 G and can

have rotation periods as short as 1.6 ms [124, 123], but the mechanism by which they at-

tain such strong fields and rapid rotation is not conclusively answered. CCSNe with initial

magnetic field configurations and rotation profiles can hold the answer to the origins of

these exotic compact objects. CCSNe with magnetic fields have also been put forward as

the source of Long Gamma Ray Bursts [125, 126].

Modeling of CCSNe that includes magnetic fields and rotation is necessary to answer

questions about the source of these compact objects and events. The nature of capturing

such physical effects demands that the simulations be three-dimensional. Magnetic fields

and rotation can influence the explosion time, explosion energy, and remnant properties

in CCSNe [27]. The impact of these properties is often attributed to asymmetries in the
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fluid dynamics, resulting in turbulent motion within the star as it evolves [127, 128]. The

current means of measuring turbulent properties of supernova simulations are not neces-

sarily capturing the correct behavior. Exploration into the turbulence and the means by

which turbulence is observed is critical for the determination of the properties of both the

supernova itself and the remnant properties.

Much of a CCSN’s behavior is not only tied to the dynamics in the collapse and core-

bounce phase, but is also dependent on the entire history of the star itself. Stellar prop-

erties like the ZAMS mass and the metallicity are well studied and have connections to

the behavior of the CCSN during explosion and to the properties of the remnant object.

However, these are but two of many parameters involved in stellar modeling. Much more

poorly constrained parameters like the stellar wind strength and the treatment of convec-

tive overshooting have not been well studied in their effects on CCSNe. These effects play

a role in the composition [129] and the compactness [99] of presupernova models, which

opens the possibility for continuing effects on the supernova explosion itself. Understand-

ing precisely how these physical effects can alter CCSNe serves to further constrain these

parameters as well as demonstrate the sensitivity of CCSNe to these particular stellar evo-

lution effects.

In this dissertation, I aim to study the impacts of magnetic fields, rotation, and stellar

properties on the evolution of CCSNe and the compact objects they produce. We conduct

a thorough analysis on the effects of turbulence in the gain region of CCSNe as they re-

late to the likelihood of explosion of CCSNe in 3D simulations. To do this, we focus on

understanding the metrics used in determining turbulence and highlight the necessity for

developing an accurate tool to measure the turbulence. We investigate the amount of ki-

netic energy stored in turbulence in our simulations, and how that energy can vary by a

significant amount based on the choices made in the turbulence metric. We also propose

a new method of turbulence measurement that shows consistency with a less accepted

method already existing in the literature. Building from this, we apply different magnetic

fields to the same simulations to study the effects of the magnetic fields on our turbulence

measurements. Further, we perform an energy analysis on the simulations with magnetic

fields applied to understand the source of the growth magnetic field growth and to gain

clarity on what conditions can result in magnetar-level magnetic fields in CCSNe.

Separately, we look into the effects of stellar modeling parameters on CCSNe outcomes.

Knowing that modifications to the behavior of stellar winds and convection over the life-

time of a star will change the compactness of the star at collapse, we aim to understand

how these effects relate to the properties of CCSNe, namely remnant mass, explosion en-
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ergy, remnant mass, explosion time, and neutrino heating. Thus we seek to connect the

poorly constrained models in stellar theory to real supernova observables, providing the

opportunity to constrain these parameters at the advent of more observational supernova

data.

In Chapter 2 we explore in depth the metrics surrounding turbulence in CCSNe and

study how turbulence within the gain region can effect supernova outcomes. Chapter 3 is

a study of how the introduction of magnetic fields plays a part in turbulent dynamics in the

gain region of CCSNe, as well as an analysis on the source of magnetic growth in CCSNe.

Chapter 4 is an investigation of the effects of two stellar modeling parameters, the wind

efficiency and the convective overshooting, on presupernova models and quantifying their

impact on the associated CCSNe. In Chapter 5, I summarize the results and findings within

this work and highlight future research of interest based on these findings.
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2.1 Abstract

It is understood in a general sense that turbulent fluid motion below the shock front in a

core-collapse supernova stiffens the effective equation of state of the fluid and aids in the

revival of the explosion. However, when one wishes to be precise and quantify the amount
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of turbulence in a supernova simulation, one immediately encounters the problem that

turbulence is difficult to define and measure. Using the 3D magnetohydrodynamic code

ELEPHANT, we study how different definitions of turbulence change one’s conclusions

about the amount of turbulence in a supernova and the extent to which it helps the ex-

plosion. We find that, while all the definitions of turbulence we use lead to a qualitatively

similar growth pattern over time of the turbulent kinetic energy in the gain region, the total

amount of turbulent kinetic energy, and especially the ratios of turbulent to total kinetic

energy, distinguish them. Some of the definitions appear to indicate turbulence is a nec-

essary contributor to the explosion, and others indicate it is not. The different definitions

also produce turbulence maps with different correlations with maps of the enstrophy, a

quantity widely regarded as also indicating the presence of turbulence. We also compute

the turbulent adiabatic index and observe that in regions of low enstrophy, this quantity is

sensitive to the definition used. As a consequence, the effective adiabatic index depends

upon the method used to measure the turbulence and thus alter one’s conclusions regard-

ing the impact of turbulence within the supernova.

2.2 Introduction

Core-collapse supernovae (CCSNe) are the explosive deaths of stars with initial masses

greater than ∼ 8− 10 M� [1, 2, 3]. In addition to the spectacular fireworks, nuclear reac-

tions in the ejected material will contaminate the interstellar medium of the host galaxy

with freshly synthesized elements [4, 5, 6]. Stellar-mass black holes, neutron stars, pulsars,

and magnetars are born out of these explosions [7, 8, 9, 10, 11, 12, 13], and observations

indicate that Long Gamma-Ray Bursts are also associated with CCSNe [14, 15]. Despite

the importance of CCSNe in understanding many aspects of the universe, the mechanism

that drives CCSN explosions is not yet fully understood. At the present time, the prevail-

ing theory for CCSNe is based upon the ‘delayed neutrino-heating mechanism’ [16, 17, 18].

In this paradigm, an initial collapse of the stellar core forms a proto-neutron star (PNS)

and launches a shock-wave into the outer layers. The shock stalls 100-200 km above the

PNS as its energy is consumed dissociating infalling nuclei and is then revived through

energy deposition due to neutrino scattering / absorption in the material beneath the

shock. However simulations of supernovae in spherical symmetry fail to explode via the

delayed neutrino-heating mechanism [19, 20, 21, 22, 23]. This poses a limitation for many

open questions that rely on successful explosions, e.g. predicting supernova nucleosynthe-
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sis yields, unveiling the progenitor-remnant connection, and many more. One approach

around this limitation is the use of so-called effective models. These are simulations in

spherical symmetry where one aspect of multi-dimensional simulations is parametrized

and the parameters are calibrated against observations. For example, P-HOTB [24] uses

a simple approximation of increased neutrino luminosities from the proto-neutron star.

The PUSH method [25, 13] instead parametrizes the effectively enhanced neutrino energy-

deposition in the gain layer that is seen in multi-dimensional simulations. And finally, STIR

[26] parametrizes the strength of turbulence that is observed in multi-dimensional simu-

lations in a mixing-length type parametrization. Welcomely, modern multi-dimensional

simulations have achieved unaided explosions [27, 28, 29, 30, 31, 32, 33, 34, 35, 36], demon-

strating the viability of the delayed neutrino-heating mechanism and emphasizing the im-

portance of multi-dimensional effects in aiding explosions. One of these multi-dimensional

effects is fluid turbulence.

As a result of the violent fluid motion in the gain region of the supernova, the low vis-

cosity, and the significant shear stress, the fluid (or some fraction of it) can become turbu-

lent due to instabilities. High-resolution studies of turbulence in 3D simulations of CCSNe

[37, 38, 39, 40, 41, 42, 43, 44, 45] are able to see the inertial range of the turbulence [44] and

the ‘turbulence bottleneck’ – the accumulation of power in the inertial scales of the turbu-

lence [46, 47, 48, 42]. Turbulence has the potential to serve as an aid to the shock revival

by stiffening the effective adiabatic index of the fluid. However this conclusion about the

effect of turbulence is inherently dependent on how the amount of turbulence present is

measured, which is a notoriously difficult problem [49].

The purpose of this paper is to investigate how different measures of turbulence in

a CCSNe alter the conclusions one draws about its effect upon the explosion. To explore

this question, we have undertaken four simulations of core-collapse supernovae spanning

initial masses from 15M� to 27M�. The simulations were performed in three spatial di-

mensions using the ELEPHANT code [50, 51, 52]. This code is well suited to this study be-

cause of its good spatial resolution below the shock. We leverage this high resolution in the

gain region to explore three different methods to compute turbulence. Using a variety of

post-processing tests, we show that the three methods produce results that are not consis-

tent with one another, in turn presenting the strengths and potential drawbacks of each

method.

Our paper is organized as follows. The code we use, the progenitors, and general results

of the simulations are described in Section 2.3. We next discuss in Section 2.4 the different

methods we will use for measuring the turbulence, and then apply the measures to the
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simulations in Section 2.5. Finally, in Section 2.6 we examine how turbulence alters the ef-

fective adiabatic index of the fluid and how this index evolves with time in the simulations.

We summarize and present our conclusions in Section 2.7.

2.3 The Simulations

2.3.1 The ELEPHANT Code

The ELEPHANT code solves the ideal hydrodynamics equations in a modified Newtonian

gravitational potential together with the Isotropic Diffusion Source Approximation (IDSA)

for the neutrino transport scheme. The code uses operator splitting between the solutions

of the hydrodynamic equations and the neutrino transport equations. In the hydrodynam-

ics module, which has roots in the FISH code described in [51], the following conservation

laws coupled with gravitational source terms are numerically solved in three spatial di-

mensions:

∂ ρ

∂ t
+∇· (ρ v ) = 0, (2.1)

∂

∂ t
(ρ vi )+

∂

∂ x j

(ρ vi v j +Pthermalδi j ) =−ρ ∂ ϕ∂ xi
, (2.2)

∂ E

∂ t
+∇· [(E +Pthermal)v ] =−ρ v ·∇ϕ, (2.3)

∂

∂ t
(ρ Ye )+∇· (ρ Ye v ) = 0, (2.4)

∂

∂ t
(ρ Y t

ν )+∇· (ρ Y t
ν v ) = 0, (2.5)

∂

∂ t

h�
ρZ t

ν

� 3
4

i
+∇· �(ρZ t

ν )
3
4 v
�

= 0, (2.6)

∇2ϕ = 4πG ρ, (2.7)

where the calculated unknowns with respect to space xi and time t are the baryonic mass

density ρ, velocity vi , electron fraction Ye , and the gravitational potential ϕ. While ELE-

PHANT is able to include magnetic fields, the magnetic field terms have been set to zero

for this study. The temperature T is not explicitly seen in these equations, it is represented

in the specific internal energy e = e (ρ, T , Ye ), and the total energy E =ρ e+ρ v 2/2. As usual,

G is the gravitational constant. We compute the thermal pressure Pthermal = Pthermal(ρ, T , Ye )

using the LS220 equation of state (EOS) with an incompressibility parameter K = 220 MeV
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[53]. Equations (2.5)–(2.6) advect the trapped neutrino fractions, Y t
ν , and a multiple of the

neutrino entropies,
�
ρZ t

ν

�3/4
(where Zν is the mean neutrino specific energy) from the neu-

trino transport. The gravitational potential is modified following [54] to include general

relativistic corrections to the Newtonian potential.

The hydrodynamics equations (2.1)–(2.7) are solved using the second-order relaxation

scheme of [55]. To enforce that the scheme is total variation diminishing (a nonlinear con-

straint to ensure stability), ELEPHANT implements the minmod limiter in supersonic flow

regimes and the van Leer limiter in subsonic regimes [51]. For the time integration, a second-

order predictor-corrector method is used.

For the neutrino transport, the ELEPHANT code uses the Isotropic Diffusion Source

Approximation (IDSA, [50]). The underlying idea of IDSA is that the neutrinos are sepa-

rated into a trapped neutrino distribution function, f t
ν , and a free-streaming neutrino dis-

tribution function, f s
ν . These two components are then evolved separately. The trapped

neutrino distribution functions are constructed from Y t
ν and Z t

ν assuming a thermal spec-

trum. Then, the diffusion equation, given as,

1

c

∂ f t
ν

∂ t
= jν− ( jν+χν) f t

ν −Σν, (2.8)

where

Σν =min

�
max

�
αν+

1

2
( jν+χν)

∫
f s

o dµ, 0

�
, jν

�
, (2.9)

with

αν =∇·
� −1

3 ( jν+χν+ϕν)
∇ f t
ν

�
, (2.10)

is solved in three dimensions. In these equations, f s
o denotes the use of the streaming neu-

trinos from the previous time step, jν is the spectral neutrino emissivity,χν is the neutrino

absorptivity, and ϕν includes isoenergetic scattering in the mean free path (see [56]). The

non-local value αν, a descriptor of the evolution of trapped neutrinos, is computed by ex-

plicit finite differencing, with all other unknowns solved locally using an implicit Euler

time step in which the solution is found using the Newton-Raphson iterative solver. The

numerical solution of equation (2.8) sets the net interaction rates between the matter and

neutrino radiation and updates the electron fraction Ye and the specific internal energy e

so that they are consistent. The rates jν, χν, and ϕν are then used to update the trapped

neutrino fraction Y t
ν and mean energy Z t

ν seen in equations (2.5) and (2.6). This iterative

method is easily parallelizable for IDSA because the only non-local value αν is computed
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explicitly, thus implying that zones do not need to communicate with each other within

the iterative solve.

ELEPHANT uses a unique combination of 3D and 1D grids as its computational do-

main. The innermost computational domain consists of a 3D Cartesian cuboid, and the 1D

domain extends from the center of the supernova out well beyond the 3D domain and so

well into the outer layers of the progenitor star. The inner 3D grid uses a uniform fixed grid

spacing, while the larger, spherically symmetric 1D domain surrounding the 3D cuboid is

evolved on an adaptive grid using the Agile-IDSA solver [50]. More details of how the hydro

and neutrino transport equations are solved on the 3D uniform Cartesian mesh, together

with test cases, can be found in [51]. The spherically symmetric solution of the hydro and

neutrino transport equations on the 1D grid is used primarily for the properties of the ma-

terial falling through the boundary of the 3D mesh, but since it extends into the inner part

of the Cartesian grid, it also provides a second solution of the equations that is especially

useful within the PNS where it serves as a check of the entropy evolution. In addition, the

combination of the two grids with the 1D solution extending well beyond the 3D, gives

ELEPHANT the ability to enlarge the 3D Cartesian cuboid if necessary. With this setup of

the computational domain, the ELEPHANT code has high 3D spatial fidelity in the region

below the shock without the burden of a large number of grid zones where the solution is

spherically symmetric. Hence, it is ideally suited for the proposed study of the post bounce

phase especially for the growth of the turbulence in the shocked material. For each simu-

lation in this study we adopt a uniform fidelity of 1 km throughout the 3D volume; initially,

the 3D volume encompasses the innermost 600 km of the star (i.e., along each axis the

3D Cartesian coordinate ranges from -300 km to +300 km). A direct comparison of the

resolution of the 3D volume with the resolution of the grids adopted elsewhere in the lit-

erature for studies of turbulence in supernovae, is challenging because of the wide variety

of methods used: see, for example, the grids used in the studies by [57] and [45]. The most

similar studies to this work are by [58, 40]which were also Cartesian and where the highest

resolution simulation used a cell spacing of 1.17 km.

2.3.2 General Properties of the Simulations

For this study, we consider four solar-metallicity progenitor stars of 15, 20, 23 and 27 M�
zero-age main sequence (ZAMS) mass [59]. Throughout this paper we shall refer to each

simulation by reference to the progenitor model using the code ‘sXX’ where XX is the ZAMS

mass in units of the solar mass. Two of these progenitors (s15 and s20) have been exten-
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Figure 2.1: Average shock radii (lines), together with the minimum and maximum shock
radii (shaded bands) as a function of the post-bounce time for all four simulations. The
simulations end when the shock radius reaches the boundary of the largest (500 km) 3D
domain. Note that the s23 simulation does not undergo a successful shock revival during
the simulation time.

sively used in the literature. For the s20 model, explosions [60, 61] and non-explosions

[62, 63] were obtained in 2D simulations. Similarly, successful and failed explosions are

also reported from 3D simulations of s20, depending on the exact simulation setup and

on the physics included [e.g. 64, 65, 66, 30]. The s20 model seems to be close to the thresh-

old between successful and failed explosions, warranting further investigations. For the

s15 model, the picture a slightly more consistent in the sense that most simulations find

successful explosion, albeit as late as ∼ 400− 500 ms post-bounce (however, see e.g. [67]

for a failed explosion in 2D). The s23 model was chosen as it is a model that often fails to

explode in effective 1D simulations using the STIR or PUSH method. In a recent 3D simu-

lation of a different 23 M�model, the shock evolution follows other non-exploding models

for the first ∼ 300 ms post-bounce, then hovers around 170 km for another ∼ 300 ms, and

finally expands to 500 km only at 700 ms after bounce [68]. Finally, the s27 model has been

used in 3D simulations where it exhibited a similar shock evolution as the s20, with shock

run-away occurring at ∼ 200 ms [65]. For an earlier version of the s27 (from [1]), no shock

revival was found in 3D simulations [69, 70].

As stated previously, the simultaneously computed spherically symmetric solution on

the 1D grid allows ELEPHANT to expand the 3D domain if necessary. We used this feature

of the code to expand the 3D domain when the maximum shock radius in the 3D solution

approaches the edge of the 3D computational domain. At this point we expand the 3D
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Figure 2.2: Entropy maps in the x y -plane for the s15 (top), s20 (second row), s23 (third
row), and s27 (bottom row) simulations at ∼ 100 ms (first column), ∼ 150 ms (second col-
umn),∼ 195 ms (third column) post bounce, and at the final simulation time (last column).
Note the smaller spatial scale and entropy scale for s23.
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domain by adding 100 grid zones in both the negative and positive directions along each

coordinate axis. The new zones have the same, 1 km, resolution and the 1D solution is

used to fill the fluid and neutrino variables of the new zones. We undertook this 3D domain

expansion twice during the s15, s20 and s27 simulations and stopped when any Cartesian

coordinate of the maximum shock position reached 500 km. This technique of expanding

the 3D volume as the shock approaches the edge was also used by [58].

In Figure 2.1 we show the average shock radius (various line styles) for each simu-

lation along with its minimum and maximum position (shaded bands). During the first

tpb ≈ 70 ms, the shock evolves similarly with post-bounce time tpb for all simulations. In

each simulation, the shock forms and propagates outward to 140 km at which point it stalls.

After tpb ≳ 70 ms, differences in the shock evolution between the four simulations start to

emerge. The s15 simulation has the earliest shock revival (at ∼ 80 ms post bounce), only

∼ 10 ms after the shock front starts to deform which can be seen in the figure as the in-

creasing spread between the minimum and maximum shock radius. The s20 and s27 sim-

ulations behave similarly, albeit with shock revival and the emergence of asphericity occur-

ring later than in the s15 simulation. Moreover, there is a longer delay of ∼ 60 ms between

when the shock starts to deviate from spherical symmetry and the clear shock expansion

for the s20 and s27 simulations. At the end of our s15, s20 and s27 simulations, the shock

appears to be irrevocably expanding outwards. Following the common definition for suc-

cessful explosions found in the literature (when the shock reaches 500 km), these models

could be called successfully exploding, even though it is too early for the total energy in

the gain region and above to have reached positive energies by tpb ∼ 200 ms. Finally, the

s23 simulation does not show shock revival during the simulation time (∼ 205 ms post

bounce). Instead, the shock radius hovers around 100 km until the end of the simulation.

This is qualitatively similar to the initial shock evolution of a different 23 M� model (from

[71]) which follows the non-exploding models for the first 300 ms, then continues to hover

around 150 km, and only starts expanding around 600 ms after bounce.

Figure 2.2 presents snapshots of the fluid entropy per baryon for all four simulations.

In each snapshot, we observe low-entropy material ahead of the shock, and also in the

center of the computational domain, where the proto-neutron star is forming. The higher-

entropy region in-between contains the gain layer, which we define as the region interior to

the shock where the entropy exceeds 5 kB/baryon, the density is less than ρ < 1010 g/cm3,

and the energy gained from electron neutrino and antineutrino absorption exceeds the

energy lost by neutrino emission. We will focus our attention on this gain region in the

next sections and going forward, we have truncated our time-series data to begin when
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we have qualitatively determined a meaningful gain region has formed (at tpb ≈ 61 ms).

In Figure 2.2 we demonstrate the evolution of the supernovae using selected snapshots

from each simulation. The first three columns correspond to tpb =100, 150, 195 ms post

bounce and the last column represents the final simulation time for each simulation. In the

case of s15, the shock reached 500 km before 195 ms post bounce and thus the final panel

is left blank. In the s15, s20 and s27 simulations, the spherical symmetry of the simulation

is visibly broken when neutrino heating initiates convection in the gain region. By 150 ms

post bounce, the shocks in these three simulations are noticeably aspherical. By ∼195 ms

post bounce, low-entropy downflows through the gain layer amid large convective plumes

are clearly visible.

For the s23 simulation the spherical symmetry remains largely preserved for the en-

tire duration of the simulation. Although some of the material in the gain region reaches

comparable specific total energies as in the other three simulations, the energy gained by

neutrino absorption is clearly not enough to revive the shock in this case. The reader may

notice that the center of the quasi-circular shock front is slightly displaced from the origin

of the coordinates. Indeed, from animations of the entropy as a function of post-bounce

time, we observed an oscillatory motion of the shock starting at tpb ∼ 150 ms characteristic

of a SASI [72, 73]. This timescale is similar to the timescale of a spiral SASI in a magnetized

24 M� model by [74].

We can be more quantitative about the time at which convection begins in each sim-

ulation by computing the fraction of kinetic energy within the gain layer which is in the

non-radial directions:

Etransverse /Ekin =

∫
Vgain

ρ
�
v 2
θ + v 2

ϕ

�
d V

� ∫
Vgain

ρ
�
v 2

r + v 2
θ + v 2

ϕ

�
d V , (2.11)

where vr , vθ , vϕ are the radial, polar and azimuthal components of the velocity and Vgain

is the volume of the gain region, defined above. This ratio is shown in Figure 2.3. For the

s15, s20, and s27 simulations, the fraction of the kinetic energy in the transverse (i.e., non-

radial) directions rises very rapidly between tpb ∼ 60 ms and tpb ∼ 100 ms as the shock

stalls. The rise is earlier in the s15 simulation than in the s20 and s27 simulation, but by

tpb ∼ 100 ms they all reach the level of 30-40% with a slow growth of the ratio thereafter.

Interestingly, the figure shows that the fraction of kinetic energy in the transverse direc-

tions begins to grow in the s23 simulation starting at tpb ∼ 120 ms. Even though the s23

simulation is not exploding — the shock is not seen to be advancing in Figure 2.1 and we
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Figure 2.3: Ratio of the transverse energy to the total kinetic energy in the gain region as
a function of the post-bounce time for the s15 (solid), s20 (dashed), s23 (dot-dashed), and
s27 (dotted) simulations.

shall shortly show more evidence that further indicates this conclusion — the high densi-

ties and large angular motions present in this simulation due to the SASI means the ratio

of the transverse and total kinetic energy in the gain region becomes comparable to the

same ratio of energies in the successful explosions. While it does not reach the∼ 40% level

seen in the other three simulations, it is only smaller by a factor of ∼ 2 at tp b = 200 ms.

We want to turn our analysis to the mechanism by which the shock is revived in our

simulations. In a neutrino-driven explosion, the shock is revived due to neutrino-heated

material in the gain region being brought up to the shock by convection and buoyancy.

Shock revival occurs when the material within the gain region has sufficient time to absorb

enough of this heating energy to overcome gravity. Thus the revival time can be estimated

by comparing the heating timescale to the advection timescale through the gain region.

For the advection timescale we adopt the definition used in [75]:

τ∗adv(t1) = t2(M )− t1(M ), (2.12)

where t2(M ) is the time at which a mass M is enclosed by the shock and t1(M ) is the time

at which that same mass falls beneath our gain region. The neutrino heating timescale is

defined as the amount of time that material in the gain region would need to be exposed
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Figure 2.4: The ratio of advection timescale to heating timescale as a function of the post-
bounce time for all four simulations. The gray dotted line marks where the ratio equals
unity.

to the current neutrino heating rate to become gravitationally unbound, i.e.,

τheat =
|Egain|
Q̇heat

, (2.13)

where Egain = Ekin + Eint + Egrav is the total energy in the gain region, Eint and Egrav are, re-

spectively, the total internal and total gravitational energy of the fluid in the gain region,

and Q̇heat is the total neutrino heating rate in the gain region. It is found that when the ra-

tio of the advection timescale to the heating timescale,τadv/τheat, exceeds unity, the stalled

shock is considered revived and, on average, the shock begins to move outwards due to the

increased energy of the enclosed material [76, 77, 78, 79]. Note that this does not guaran-

tee an explosion, but simply is an indicator of an outward moving shock. Figure 2.4 shows

the ratio of these two timescales for all four simulations, with the line for a ratio of 1 high-

lighted in gray From Figure 2.4, we see that this ratio exceeds unity in the s15, s20 and s27

simulations at times which closely match the shock revival times seen in Figure 2.1, sup-

porting a neutrino-driven explosion mechanism for these simulations. For the s23 simu-

lation, the ratio never exceeds unity, which is consistent with the lack of a shock revival in

this simulation.

Another diagnostic invoked to investigate the phase leading up to shock revival con-

sists of examining the mass inflow rate through the shock front (Ṁshock) and the mass in-

flow rate onto the PNS (ṀPNS). The comparison of these rates are shown in Figure 2.5. Ini-
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Figure 2.5: Difference between the mass accretion rate through the shock front (Ṁshock)
and the mass accretion rate onto the PNS (ṀPNS) as a function of the post-bounce time for
all four simulations. The data is smoothed over a 5 ms window.

tially, Ṁshock and ṀPNS are firmly related. In the first few tenths of milliseconds after bounce,

Ṁshock decreases more rapidly than ṀPNS and the initial shock turns into a standing accre-

tion shock. Once non-radial fluid motion starts to develop around 60–100 ms after bounce,

we observe a drop in ṀPNS (while Ṁshock continues to decrease smoothly), resulting in the

increase of Ṁshock − ṀPNS. Once the stalled shock starts expanding again, ṀPNS is smaller

than Ṁshock and Ṁshock−ṀPNS reaches zero or slightly positive values. While the difference

Ṁshock−ṀPNS is similar for all four simulations, the individual amount of accretion through

the shock (Ṁshock−Ṁ ) and onto the PNS (ṀPNS) are higher for the s23 model (no shock ex-

pansion) than for any of the other models (with shock expansion), by up to a factor of 2

after ∼ 90 ms post bounce

In summary, the results from our simulations shown in Figures 2.1 through 2.5 are

broadly consistent with other 3D simulations [80, 81, 82, 83, 84, 63, 66, 85, 68, 35, 86, 87].

2.4 Measuring the turbulence

The turbulence in the gain region is conjectured to be an important ingredient in revival

of the shock [43]. The prevailing theory being that the average adiabatic index of the tur-

bulence (which we shall define later in Section 2.6) is larger than in a non-turbulent fluid
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[88, 43, 89, 90, 91]. To investigate how the turbulence affects the simulations, it is first nec-

essary to define a measure of the amount of turbulence. This is not a straight-forward task;

as discussed in [92], there is no one, perfect measure of turbulence.

In some previous studies of turbulence in supernovae [93, 39, 94, 81] the reader will

find the turbulent kinetic energy Eturb defined to be equivalent to the non-radial kinetic

energy, i.e.,

Eturb ≡ Etransverse =

∫
Vgain

ρ

2

�
v 2
θ + v 2

ϕ

�
d V . (2.14)

This definition of the turbulent kinetic energy obviously does not include any contribution

from flow in the radial direction which could be turbulent, but it does include a contribu-

tion from the non-radial flow which may not be turbulent; e.g., flows that are simply the

lateral motion of the fluid at the top of convective plumes and/or any global rotational mo-

tion of the fluid due to a SASI. We shall not consider this definition further in this paper.

Another commonly encountered approach for measuring the amount of energy stored

in turbulence is to invoke a Reynolds decomposition of the velocity field and then define

the turbulent kinetic energy as

Eturb =

∫
Vgain

ρ

2
|v −〈v 〉|2 d V , (2.15)

where 〈v 〉 is an expectation value for the velocity. Note that 〈v 〉 can be a function of posi-

tion and time. Defining the expectation value is not straight-forward; in statistically steady-

state flows, the expectation value for the velocity 〈v 〉 is the time-averaged velocity of the

fluid at a given location. While it is certainly possible to time-average fluid properties in

a supernova simulation, it is conceptually difficult to accept them as useful because the

system is not close to a statistical steady-state (even during the period when the shock has

stalled). Instead, authors usually substitute a spatial average of the the fluid velocity in

place of a time average at a given location. However, spatial averages are just as conceptu-

ally fraught in situations where the fluid may have organized large-scale motions, i.e., on

scales close to the dimensions of the fluid volume. In the case of a supernova, these large

scale motions are due to convection and/or SASI. Since there is no clear way to define 〈v 〉,
we have considered two different spatial average options.

The first method we adopt we denote as the Spherical Spatial Average (SSA) and is

based on [43]. The SSA algorithm for computing 〈v 〉 is based on the observation that the

general flow of the fluid in the gain region is toward the PNS. Thus, we define 〈v 〉 as 〈vr 〉 r̂
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where 〈vr 〉 is the average radial velocity for all zones at a given radius r . Since we do not use

a spherical coordinate grid in our simulations, we implement this definition by finding all

the Cartesian grid cells with a cell-center radius in a given 1 km thick shell. Thus, we define

〈vr 〉= 1

Mshell

∫
Vshell

ρ vr d V , (2.16)

with

Mshell =

∫
Vshell

ρd V . (2.17)

Note that when the shock becomes aspherical, only grid cells in the gain region are used

to compute the average radial velocity, thus the shell no longer forms a complete spherical

surface.

The second method we consider we call the Local Spatial Average (LSA) method. In

this method, we define the expectation value of the velocity, 〈v 〉, for a particular grid cell

as being the mass-weighted average of the velocity in a cube surrounding the cell:

〈v 〉= 1

Mcube

∫
Vcube

ρ v d V , (2.18)

where

Mcube =

∫
Vcube

ρd V (2.19)

and Vcube is a cubic volume of side length L centered on the grid cell under considera-

tion. Note that when we perform the integral, the volume Vcube only includes those cells

which are found to be in the gain region, implying that the volume is not always a complete

cube. The size of the averaging volume must be chosen appropriately. In the limit where

the size of the averaging volume becomes small, 〈v 〉 approaches the velocity of the grid

cell under consideration, in which case the deviation of the velocity from the expectation

value approaches zero, i.e., |v −〈v 〉|→ 0 and therefore the turbulent kinetic energy also ap-

proaches zero in this limit. We must select a suitable length scale for which the turbulent

kinetic energy is captured. The turbulent kinetic energy in the gain region for a snapshot at

tpb ≈ 150 ms computed using the LSA method as a function of the averaging volume scale

L is shown in the left panel of Figure 2.6. As described above, when the averaging volume

is small, the turbulent kinetic energy approaches zero. As the averaging volume grows we

see a rise in the turbulent kinetic energy but we do not observe a plateau, implying there is
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Figure 2.6: The total turbulent kinetic energy (left) and the corresponding slope of the
total kinetic energy (right) as a function of the cube side length used in the LSA method at
tpb ≈ 150 ms for all four simulations.

no range of averaging volume sizes where the turbulent kinetic energy is independent of

the size of the averaging volume. At L ∼ 20 km we find a maximum in the derivative of Eturb,

seen as peak in right panel of Figure 2.6. Although there is not a clear range over which the

turbulent kinetic energy is independent of the length scale, for the purposes of defining

the turbulent kinetic energy using the LSA method we have adopted a cube length scale of

20 km. We shall later show that this averaging volume scale is larger than the characteristic

vortex radius (see Section 2.5.2).

Finally we adopt a definition of the turbulent kinetic energy we refer to as the Spectral

method based upon the approach found in [40]. A variation of this method can be found

in [45]. The Spectral Method forgoes trying to define 〈v 〉 directly and instead removes the

large-scale fluid motion by excluding the small wavenumbers from a Fourier transform

and then integrating over the remaining range of wavenumbers. More precisely, let f̂ be

the Fourier transform of an arbitrary vector quantity f in the gain region,

f̂ =
1

(2π)3

∫
Vgain

f exp (2ıπk ·x ) d 3 x . (2.20)

Integrating the squared magnitude of the transformed quantity over a spherical shell in
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the k -space, one obtains the power spectrum

ê f (k ) =
1

2

∫
k−shell

| f̂ |2k 2 dΩk . (2.21)

Adopting f =pρ v and including only data originating from the gain layer gives the power

spectrum êpρ v of the kinetic energy in the gain region. The turbulent kinetic energy is

defined as the integral of the power spectrum above a minimum wavenumber, i.e.

Eturb =

∫ ∞
kmin

êpρ v d k . (2.22)

Here, kmin is the minimum wavenumber considered. As with the LSA method described

above, we face the question of what to use for the minimum wavenumber kmin. [40]adopted

kmin = 0.1× (2π)km−1; however, we have found that for our simulations this lower bound

does not sufficiently capture the onset of convection, which was not present in [40]. As

such, we have followed their same method to determine a kmin suitable for our simula-

tions.

If the fluid has well-developed turbulence, we expect the compensated spectral spe-

cific kinetic energy, defined to be êv k 5/3 where êv is the spectrum of the specific kinetic en-

ergy, to be a constant for a range of wave numbers kr . We have plotted this compensated

specific kinetic energy power spectrum in Figure 2.7 for all four simulations at tpb ≈ 150

ms. This figure can be compared with the left panel of Figure 3 in [40], although we cau-

tion the reader that a) the definition of k in [40] means the wavenumbers there are 2π

larger than those used in this paper, and b) we show a range of wavenumbers shifted to

slightly higher values. Examining Figure 2.7 we do not see a horizontal section - a region

of wavenumbers where the compensated spectral specific kinetic energy is constant - in

any of the curves in our plot, but in the three successful explosions we find: a minimum

in the spectrum at kr = 0.1−0.2 km (corresponding to a physical scale of 5 - 10 km), and a

maximum at kr ∼ 0.04; km (corresponding to a physical scale of 25 km). For the purposes

of defining the turbulent kinetic energy using the Spectral method we set the lower bound

of integration kmin to be kmin = 0.025 km−1, equivalent to a physical scale of 40 km.
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Figure 2.7: The compensated specific kinetic energy power spectrum at tpb = 150 ms for
all four simulations.

2.5 Application to Simulations

2.5.1 Turbulent Kinetic Energy

We compute the total turbulent kinetic energy in the gain region using the three meth-

ods described above. The results are shown in the top row of Figure 2.8. No matter the

method used, for a successful explosion, there is a rapid increase in the amount of turbu-

lent kinetic energy in the gain region when convection begins (80–100 ms after bounce).

Thereafter, the increase is more gradual in the interval 100 ms ≲ tpb ≲ 200 ms. While the

general trend of the results is the same across all methods, we note that the LSA and Spec-

tral methods give values consistently smaller than the SSA method with the consequence

that the growth in the turbulent kinetic energy during the interval 100 ms ≲ tpb ≲ 200 ms

using the LSA and Spectral methods is only by a factor ∼ 2 compared to a factor closer to

∼ 8 over the same period when using the SSA method.

The s23 simulation is clearly distinct from the successful explosions across all three

methods. The amount of turbulent kinetic energy is smaller for s23 by approximately an

order of magnitude (or more) compared to s15, s20 and s27. Moreover, there is little (if any)

growth of the turbulent kinetic energy over the period 100 ms ≲ tpb ≲ 200 ms for the s23

simulation.

The difference between the amount of turbulent kinetic energy computed in the s23

simulation compared to the s15, s20, and s27 simulations is largely due to the difference in
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Figure 2.8: Top: The turbulent kinetic energy in the gain region as a function of the post-
bounce time for all four simulations. Bottom: Ratio of the total turbulent kinetic energy
to the total kinetic energy in the gain region as a function of the post-bounce time for all
four simulations. Each column represents a different method for computing the turbulent
kinetic energy. Left: Spherical Spatial Average (SSA) method; Middle: Local Spatial Average
(LSA) method; Right: Spectral Method.
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size /mass in the gain regions of the simulations. To eliminate this dependence, we show,

in the bottom row of Figure 2.8, the evolution of the ratio of the turbulent kinetic energy

to the total kinetic energy within the gain region, using each of the three methods. These

panels reveal there are fundamental differences between the methods already hinted at

by the previously noted differences in the growth rates of the turbulent kinetic energy in

the top panels. Using the SSA method there is still a clear distinction between a successful

and a failing supernova in the energy ratio, but this distinction disappears in the ratios

computed using the LSA and Spectral methods. Note that the ratio of turbulent kinetic

energy to total kinetic energy using the SSA method has strong resemblance to Figure 2.3.

When the SSA method is used, the ratio of turbulent kinetic energy to total kinetic energy

is of order ∼ 60% in successful explosions at the onset of the explosion and later rises to

∼ 80% by the end of the simulation. The s23 stands apart from the other runs. Although

the ratio of kinetic energies in s23 using the SSA method does not reach the same level as

the successful explosions, there is still an overall growth of the ratio after tpb ∼ 120 ms to

∼ 40% by the end of the simulation. In contrast, the ratio of turbulent to total kinetic energy

computed using the LSA or Spectral method are very similar for all four simulations. There

is no substantial distinction between successful and failing simulations. Aside from some

temporary fluctuations, the ratio of energies lies between ∼ 20% and ∼ 40% for all four

simulations after tpb ∼ 80 ms, with no apparent change during shock revival of the s15,

s20 and s27 simulations. One feature of note is that at approximately 195 ms post bounce,

there is an uptick in the percentage of turbulent energy calculated by the spectral method

for s23. We posit that this uptick is related to the SASI that occurs in the s23 at late times.

As the large scale angular motion of the shock increases, these SASI modes begin to be

detected by the Fourier Transform.

The different methods for computing the turbulent kinetic energy clearly do not cap-

ture the same physics, and the differences would lead to different conclusions about the

relative importance of turbulence for successful explosions. To further probe this, we turn

our attention to other fluid quantities which are also associated with turbulence. For this,

we focus on the 3 simulations that have a substantial amount of turbulence in the gain

region; the s15, s20, and s27 simulations.

2.5.2 Enstrophy Comparison

Fluid vorticity,ω=∇×v , or alternatively enstrophy ε= |ω|2/2, are also regarded as intrin-

sic aspects of turbulence [49] and thus a good, but not sufficient, measure of its presence.
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Therefore, one might expect a map of the enstrophy should resemble a map of the specific

turbulent kinetic energy eturb. We present the spatial maps of the specific turbulent kinetic

energy at the snapshot time of tpb = 150 ms in Figure 2.9. These spatial plots are masked

to show only the values in the gain region. For the Spectral method we generate the map

by Fourier transforming the velocity v , setting the amplitude of all Fourier modes to zero

for all wavenumbers k ≤ kmin, then transforming back to real space to produce the velocity

field u . Using u , the specific turbulent kinetic energy for the Spectral method is defined

as eturb = |u |2/2. Finally, the map of the enstrophy is also shown in the same figure in the

bottom row for direct comparison.

Comparing these figures, we observe that, using either the LSA or Spectral methods, the

areas of greatest specific turbulent energy are coincident with the areas of greatest enstro-

phy. And similarly, areas where we find the lowest amounts of specific turbulent kinetic en-

ergy are also areas with low enstrophy. In contrast, the SSA method yields maps where we

observe regions with large amounts of specific turbulent kinetic energy but where the en-

strophy is low. These are regions where the fluid is moving outwards, such as in convective

plumes. At the other end of the scale, in places where the SSA finds only a small amount

of specific turbulent kinetic energy, there is also a small amount of enstrophy. Thus the

amount of correlation between the maps of specific turbulent kinetic energy and enstro-

phy is larger when using the LSA or Spectral methods than when using the SSA.

That the specific turbulent kinetic energy using the SSA is dominated by the convec-

tive plumes can be explained by examining how the expectation value for the velocity

is defined for this method. In the SSA method, the average radial velocity 〈vr 〉 is com-

puted from all the fluid on a spherical shell. Given that the general flow of the fluid in

the gain region is toward the PNS, 〈vr 〉 will be negative. The specific turbulent kinetic

energy for the SSA method is eturb = |v − 〈vr 〉 r̂|2/2. For a fluid element which is moving

outwards, i.e., v ≈ |v | r̂, the contribution to the specific turbulent kinetic energy is eturb =

(|v − 〈vr 〉 r̂|)2/2 ≈ (|v |2 + 〈vr 〉2 + 2 |v | |〈vr 〉|)/2. For a fluid element with an inward velocity,

i.e., v ≈ −|v | r̂, the contribution to the specific turbulent kinetic energy is approximately

eturb = (|v |2 + 〈vr 〉2 − 2 |v | |〈vr 〉|)/2. Thus, outflows dominate the specific turbulent kinetic

energy in the SSA method. In comparison, in the LSA method the expectation value for

the velocity is computed from the local surrounding fluid. In a convective plume the ex-

pectation value will point in approximately the same direction as the velocity of the fluid

element under consideration, and so the deviation of the fluid velocity in the outflow will

be smaller, thus leading to a much smaller contribution to the specific turbulent kinetic

energy from a convective plume.
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Figure 2.9: Spatial maps of the specific turbulent energy in the x y -plane computed using
all three methods (First row: SSA; Second row: LSA; Third row: Spectral Method) for the ex-
ploding simulations. Bottom: Spatial maps of the enstrophy in the x y -plane for the same
simulations. All panels are at 150 ms post bounce.
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Figure 2.10: The vortex radius scale using the SSA (top row), LSA (middle row), and spec-
tral method (bottom row) for the s15, s20, and s27 simulations (from left to right). All panels
are at 150 ms post bounce.
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The calculation of the enstrophy also allows us to determine the characteristic scale for

the turbulent vortices. Knowing this scale allows us to validate the choice of LSA averaging

volume and the kmin chosen for the Spectral method. We follow the method outlined in

[95] and define the characteristic vortex scale as

ℓ=
Æ

eturb/ε, (2.23)

where ε is the enstrophy. Note that [95] and [58] call this same quantity the ‘flow Taylor

microscale’. In Figure 2.10 we plot 2D slices of the characteristic vortex scale using all the

definitions of turbulence for the same snapshots as those shown in Figure 2.9. We find that

the characteristic vortex scale using the LSA or Spectral definitions of the turbulent kinetic

energy is of a few kilometers over the entire gain region. This characteristic vortex scale

is both smaller than the size of the averaging cube used (L = 20 km) in the LSA method

and 1/kmin used in the Spectral method (1/kmin = 40 km). [58] use this same quantity to

also justify their choice of kmin. This is an indicator that the LSA and Spectral methods are

sufficiently capturing the turbulence. In contrast, using the SSA to compute the specific

turbulent kinetic energy we obtain a characteristic vortex scale which is generally larger

than when using the LSA or Spectral method. From Figure 2.10 we see that when using the

SSA method, the characteristic vortex scale can be as large as ℓ ∼ 100 km. A vortex of this

size more closely resembles the size of the convective Bénard cells which extend across the

gain region rather than local turbulence.

In summary, we find that different definitions of the turbulent kinetic energy lead to

similar, but distinct, measurements of this quantity relative to the total kinetic energy in

the simulations. Using the SSA method we observe a growing amount of turbulent kinetic

energy relative to the total kinetic energy from the onset of convection, whereas the LSA

and Spectral methods find a somewhat constant (and perhaps even diminishing) amount

of turbulence over the same period. The SSA method clearly distinguishes between suc-

cessful and failing supernovae, whereas the LSA and Spectral method do not show a dis-

tinction. Further, maps of the specific turbulent kinetic energy using the SSA method are

seen to be dominated by the convective plumes, whereas maps made using the LSA method

more closely match the enstrophy, another metric of turbulence.

71



Figure 2.11: Top: Maps in the x y -plane and histograms of the turbulent adiabatic index
γturb in the gain region for the s15, s20, and s27 simulations using SSA (top), LSA (middle),
and the Spectral method (bottom row).
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Table 2.1: Average thermal, turbulent, and effective adiabatic indices, and difference (∆)
of γeff relative to γthermal.

Simulation γthermal γturb γeff ∆
SSA LSA Spectral SSA LSA Spectral SSA LSA Spectral

s15 1.4271 1.9985 1.8171 1.8203 1.4961 1.4481 1.4522 0.0483 0.0147 0.0176
s20 1.4364 1.9334 1.9084 1.8986 1.4777 1.4635 1.4616 0.0288 0.0189 0.0175
s27 1.4326 1.9362 1.9044 1.8998 1.4933 1.4630 1.4623 0.0424 0.0212 0.0207

∆= (γthermal−γeff,X)/γthermal, where X represents SSA, LSA, or Spectral, respectively.

2.6 The Turbulent and Effective Adiabatic Index

We can now address the question of how the turbulence alters the fluid properties, and

how one’s conclusions about the effect of turbulence depends upon the definition. The

quantities we focus upon are the adiabatic indices: the turbulent adiabatic index and the

effective adiabatic index. The turbulent adiabatic tensor is defined as

(γturb)i j = 1+
Ri j

ρ eturb
, (2.24)

where Ri j the i j t h element of the Reynolds stress tensor. For the LSA and SSA we define

Ri j by Ri j = ρ (vi −〈v 〉i ) �v j −〈v 〉 j �, where, again, 〈v 〉 is the expectation value of the fluid

velocity, and ρ eturb is the turbulent kinetic energy density. As discussed in §2.5.2, we can

recover the turbulent velocity field, and thus the Reynolds stress tensor, for the Spectral

method as follows. We compute Ri j by Fourier transforming the velocity v , setting the am-

plitude of all Fourier modes to zero for all wavenumbers k ≤ kmin, then transforming back

to real space to produce the velocity field u . We then define Ri j as Ri j =ρ ui u j . Due to its

effect upon the shock radius, the most important component of the tensor is the i j = r r

element; therefore we will refer to (γturb)r r as the turbulent adiabatic index γturb.

For well-developed isotropic turbulence, one expects each diagonal element (such as

r r ) of the tensor (γturb)i j to have a triangular distribution. If the turbulence is anisotropic

such that the distribution of (γturb)r r is the same as the distribution of the sum (γturb)θθ +

(γturb)ϕϕ — as has been found in the simulations reported in [39]— we would expect γturb

to have a uniform distribution (see Appendix 2.9 for a detailed derivation of these expec-

tations). For the case of non-turbulent, bulk flow in the radial direction (either inward or

outward), γturb should have a distribution that peaks toward γturb = 3 when using the SSA

method. This last expectation arises because, for a location in the bulk flow, v will point ap-

proximately radially inwards (for a downflow) or outwards (for a convective plume). The

73



combination of flows in both directions has the consequence that the average radial ve-

locity 〈vr 〉 will point inwards (mass is still accreting onto the PNS even if convection is

occurring) but 〈vr 〉will be smaller than the velocity of the fluid in the downflows. This has

the effect that the Reynolds tensor element Rr r will typically be larger than the elements

Rθθ and Rϕϕ . Given a larger Rr r , we anticipate that, in the SSA method, our values of γturb

will be pushed upwards toward 3. In contrast, for the LSA method, the velocity of a given

fluid element relative to the local average velocity would be closer to random than for the

SSA, regardless of the relative size of the average fluid velocity 〈v 〉 and the deviation from

the average v −〈v 〉. Thus we expect the value of γturb for fluid elements in a bulk flow will

not have the same bias toward γturb = 3 when using the LSA method. Similarly, when us-

ing the Spectral method to compute γturb, we should also find values for γturb in fluid with

bulk flow which are also not biased toward γturb = 3 because this method removes the large

scale bulk flow component and retains only the small scale fluid motion.

In Figure 2.11 we show a 2D slice of the turbulent adiabatic indexγturb we obtain in each

grid zone, and their histograms at the tpb = 150 ms, using the SSA method (top panels), the

LSA method (middle panels), and the Spectral method (bottom panels) for the s15, s20,

and s27 simulations. The number of bins in every histogram is determined by Sturges’s

rule [96] Again, the different methods for defining the turbulence lead to distinct spatial

maps. In the spatial distribution of the LSA and Spectral methods, the structures are of

smaller scale, whereas when we use the SSA method, we observe large regions where the

adiabatic index has a value γturb ≥ 2. The histograms of the adiabatic index for the fluid in

the gain region are seen to be very similar when using either the LSA or Spectral methods,

while the SSA is different. In particular, the distributions for the SSA method have a more

pronounced peak toward γturb = 3 compared with the LSA and Spectral Methods. The his-

tograms of γturb are consistent with the idea that the fluid in the gain region can be divided

into three components: the fluid that has well-developed, isotropic turbulence, the fluid

that has anisotropic turbulence, and the fluid that is only moderately turbulent and has

a bulk flow. Each of these components of the fluid in the gain region result in different

pieces of the distribution of γturb in the gain region; e.g. a triangular distribution for γturb

in the case of isotropic turbulence or a uniform distribution for γturb for anisotropic turbu-

lence. For the moderately turbulent component the distribution for γturb is peaked toward

γturb = 3 when using the SSA; for the LSA or Spectral methods the distribution of γturb will

be more similar to the distribution of the other two fluid components.

The different components of the fluid can be seen more clearly if we select small patches

of the gain region. We select two 50 km square patches in each simulation, one with high
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Figure 2.12: Enstrophy map in the x y -plane (top row) and distribution of γturb for a high-
enstrophy patch in the gain region. The γturb are computed using the SSA method (second
row), the LSA method (third row), and the Spectral method (bottom row).

enstrophy and the other with low enstrophy. The patches we select and the histograms of

γturb for these patches are shown in Figures 2.12 and 2.13. First, the high enstrophy regions

in Figure 2.12 demonstrate that all the methods for measuring the turbulence give similar

distributions of γturb in regions of high enstrophy albeit with a tendency toward larger γturb

from the SSA method. Conversely, Figure 2.13 demonstrates that in regions of low enstro-

phy, the different methods yield very different distributions of γturb.

The effect of turbulence upon the fluid and explosion, if any, needs to be compared

with other sources of energy and pressure in the fluid. For this purpose, we can define an

effective adiabatic index to be:

γeff = 1+
Rr r +Pthermal

Eturb+Ethermal
=
� α

1+α

�
γturb+
�

1

1+α

�
γthermal, (2.25)
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Figure 2.13: Enstrophy map in the x y -plane (top row) and distribution of γturb for a low-
enstrophy patch in the gain region. The γturb are computed using the SSA method (second
row), the LSA method (third row), and the Spectral method (bottom row).
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where Ethermal = ρ ethermal and Pthermal represent the specific thermal energy and pressure,

γthermal = 1+Pthermal/(ρ ethermal), and α= eturb/ethermal. In Figure 2.14 we show histograms of

γthermal and γeff for the gain region from the same snapshots at 150 ms post bounce of the

exploding simulations using the three different turbulence calculation methods. The ther-

mal adiabatic index is approximatelyγthermal = 1.43 for all fluid within the gain region at this

time. When we add the contribution from turbulence and compute γeff, the peak at 1.43 is

retained but its width increases. When we use the LSA or Spectral methods, the broadening

is smaller than when we use the SSA method. The addition of the turbulence shifts the av-

erage value of γeff upwards, and the average γeff for these snapshots are shown in Table 2.1.

Whatever method we use to define the turbulence, the shift of γeff from γthermal is not large;

for the successful explosions, γeff is larger than γthermal by, at most, 5%, as seen in Table 2.1.

Notably the largest shifts come from the SSA method, while similar but smaller shifts come

from the LSA and Spectral methods. This further confirms the notion that the methods can

suggest different amounts of importance of turbulence relative to other physics.

Finally, in Figures 2.15 and 2.16 we show the evolution of the average thermal and effec-

tive adiabatic indices for the entire gain region as a function of the post-bounce time. As

the fluid in the gain region is heated, its thermal adiabatic index gradually decreases due to

a greater proportion of relativistic material to non-relativistic material. The decrease is not

large; only 3% over the 100 ms period shown. The evolution of γeff over this same period,

on the other hand, depends upon the method used to define turbulence, as shown in Fig-

ure 2.15. In all three successful explosions, the SSA method yields an average γeff which is

larger than for the other two definitions of turbulence, and remains consistently between

1.48 and 1.5. This behavior is just as we saw at the single time point above, but we can now

generalize to more of the simulation as a function of post-bounce time. In contrast, the

LSA and Spectral methods for computing the turbulence yield average γeff which gradu-

ally decrease with time, although by only ∼ 4%.

2.7 Summary, Conclusions and Discussion

In this paper, we have investigated the question of how different definitions of the turbu-

lence alters one’s conclusions about the effect of turbulence in supernova simulations. We

have undertaken four simulations using four progenitors and used three different meth-

ods for computing the turbulence. We find that how the turbulence is defined alters the

amount of measured turbulent kinetic energy in the gain region. The Spherical Spatial Av-
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Figure 2.14: Distribution of the thermal adiabatic index γthermal (top) and the effective adi-
abatic index γeff using the SSA (2nd row), LSA (3rd row), and Spectral method (bottom).
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Figure 2.15: Average effective adiabatic index γeff in the gain region as a function of post-
bounce time using the LSA (solid line), SSA (dashed line), and Spectral method (dotted
line) for the s15, s20, and s27 simulations.

Figure 2.16: Average thermal adaibatic index γthermal in the gain region as a function of
post-bounce time for the s15, s20, s27 simulations.
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erage method consistently yields values for the turbulent kinetic energy which are larger

than the values obtained with the Local Spatial Average and Spectral Methods. The differ-

ences are only partly explained away by the choices one has to make for the averaging

volume scale in the LSA method and the minimum wavenumber in the Spectral Method.

The remaining difference is indicative of the fundamental differences of the definitions.

These fundamental differences are seen most clearly in Figure 2.8, which shows how the

ratio of the turbulent kinetic energy to total kinetic energy in the gain region evolves with

time. The SSA method finds a consistently larger ratio of the energies for successful explo-

sions and the ratio tends to grow as a function of post-bounce time. Using the SSA one

would conclude that the presence of turbulence correlates with the success of the explo-

sion. In contrast, the ratio of energies calculated using the LSA and Spectral methods are

similar for both successful and unsuccessful explosions. Using these methods one would

conclude that the presence of turbulence does not correlate with the success of the super-

nova. This divergence of conclusions indicates that the different methods of measuring

the turbulence are actually not measuring the same thing.

To determine which method, if any, is a better measure of the turbulence we compared

maps of the specific turbulent kinetic energy with maps for the enstrophy, a quantity that

is often associated with the presence of turbulence. The comparison revealed that the LSA

and Spectral methods produce maps which are more similar to the enstrophy than the SSA

method.

Finally, we examined the effect of turbulence upon the fluid by computing the turbu-

lent and effective adiabatic indices. Maps of the turbulent adiabatic index calculated using

the SSA show larger coherent regions with γturb > 2 compared to those produced by the LSA

and Spectral methods. These large regions of high γturb alter the distributions of this adia-

batic index, producing a peak in the distribution toward the maximum value γturb = 3. The

net effect is to shift the average turbulent adiabatic index in the gain region upward by a

larger amount when using the SSA definition compared to the shift when using either of

the other two definitions.

The contribution of turbulence to the explosion can be measured by computing the

effective adiabatic index γeff. All definitions of turbulence shift the average γeff upwards.

However, the shift is more pronounced when we use the SSA method compared to the LSA

and Spectral definitions. Furthermore, the average γeff in the gain region remains approx-

imately constant when we use the SSA. In contrast, when we use the LSA or Spectral defi-

nitions, the average γeff decreases with time. These findings once again demonstrate that

the method selected for defining the turbulence changes the interpretation of the impact
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of turbulence as a function of post-bounce time.

When assessing the impact of turbulence on the evolution of CCSNe, it is necessary to

understand the strengths and limitations of the method used to measure it. We conclude

from our study that the SSA method for defining the turbulence is not as accurate of a mea-

sure of this quantity as the LSA and Spectral methods. The LSA and Spectral methods are

more consistent with each other and with the distribution of enstrophy in the simulations.

The SSA yields a turbulent kinetic energy which is dominated by the upflowing convective

plumes, not actual turbulence. However, the LSA and Spectral definition are not free of sys-

tematic problems. For example, using the LSA for the fluid in the vicinity of counterflows

means there is a great deal of cancellation of momentum within the averaging volume

which tends to yield low average velocities, and thus larger contributions to the turbulent

kinetic energy. Further, both methods require one to define an additional parameter, and

we have found that the measure of the turbulent kinetic energy is not independent of this

choice. Thus the LSA and Spectral Methods suffer from an element of subjectivity that the

SSA does not share. Nevertheless, the systematic issues of the LSA and Spectral definitions

appear to not have as great an effect upon turbulent kinetic energy as convection has upon

the SSA.

While the LSA and Spectral methods correlate more closely to the often-used turbu-

lence tool of enstrophy, the quantity measured by the SSA method is clearly useful be-

cause it correlates with the success of the explosion. Since the turbulent kinetic energy

computed using the SSA is dominated by convective plumes, the correlation suggests that

the transition to explosion is because the kinetic energy in the gain region is increasingly

directed toward countering the ram pressure of the infalling material. Since the turbulent

kinetic energy computed using the SSA is dominated by convective plumes, the correla-

tion suggests that the SSA is more likely tracking convection than turbulence. While there

are a multitude of mechanisms, such as neutrino heating and deleptonization, contribut-

ing to the convection, the connection between SSA and explosion can be more accurately

attributed to the necessity for convection for a supernova to explode
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2.9 Appendix: The Distribution of the Turbulent Adiabatic

Index in Well-Developed Turbulence

The elements of the adiabatic index tensor for turbulence are defined to be

(γturb)i j = 1+
Ri j

Eturb
(2.26)

with Ri j the i j ’th element of the Reynolds stress tensor given by Ri j =ρ (vi −〈v⃗ 〉i ) �v j −〈v⃗ 〉 j �,
〈v⃗ 〉 is the expectation value of the fluid velocity, and Eturb is the turbulent kinetic energy

Eturb = ρ |v⃗ − 〈v⃗ 〉|2/2. For our derivation of the distribution of the adiabatic index in well-

developed turbulence, it does not matter how 〈v⃗ 〉 is defined. The diagonal elements of the

Reynolds stress tensor are non-negative, and from the definition of the Reynolds stress

tensor, we see that

2 Eturb =
∑

i

Ri i . (2.27)

Thus the three diagonal components of the Reynold’s stress tensor are not independent,

they are constrained, and the constraint defines a simplex in the space of Rr r , Rθθ and Rϕϕ
(using spherical coordinate labels for the diagonal elements of Ri j ).

2.9.1 Isotropic Turbulence

In isotropic turbulence the values for the diagonal elements of the Reynold’s stress tensor

at a given location in the fluid may be regarded as random and equally likely i.e. each di-

agonal element of the stress tensor has the same probability distribution. This means that,

for a fixed total energy Eturb, the infinitesimal probability d P (Rr r , Rθθ , Rϕϕ) of finding the

diagonal elements of the stress tensor in the ranges Rr r to Rr r +d Rr r , Rθθ to Rθθ +d Rθθ ,

and Rϕϕ to Rϕϕ+d Rϕϕ , is uniform across the surface of the simplex and so proportional to

the surface element d A =δ(2 Eturb−Rr r −Rθθ −Rϕϕ)d Rr r d Rθθ d Rϕϕ of the simplex. Thus

we can write the probability of a given set of diagonal elements as

d P (Rr r , Rθθ , Rϕϕ)∝δ(2 Eturb−Rr r −Rθθ −Rϕϕ)d Rr r d Rθθ d Rϕϕ . (2.28)
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To find the distribution of any one diagonal element, e.g. Rr r , we integrate this probability

distribution over the other two diagonal elements i.e.

d P (Rr r )
d Rr r

=C

∫ 2 Eturb

0

∫ 2 Eturb

0

δ(2 Eturb−Rr r −Rθθ −Rϕϕ)d Rθθ d Rϕϕ . (2.29)

where C is a normalization constant. To evaluate the integral we first insert two Heaviside

step functions so that we can change the limits of the integration for one variable, e.g. Rϕϕ ,

and write

d P (Rr r )
d Rr r

=C

∫ 2 Eturb

0

∫ ∞
−∞
δ(2 Eturb−Rr r −Rθθ −Rϕϕ)Θ(2 Eturb−Rϕϕ)Θ(Rϕϕ)d Rθθ d Rϕϕ .

(2.30)

From the integral over Rϕϕ we obtain

d P (Rr r )
d Rr r

=C

∫ 2 Eturb

0

Θ(2 Eturb−Rr r −Rθθ )Θ(Rr r +Rθθ )d Rθθ (2.31)

and now we can remove the step functions by changing the limits of the remaining integral

over Rθθ to give
d P (Rr r )

d Rr r
=C

∫ 2 Eturb−Rr r

0

d Rθθ (2.32)

The integral is now trivial and after normalizing we find

d P (Rr r )
d Rr r

=
1

Eturb

�
1− Rr r

2 Eturb

�
(2.33)

This is a triangular distribution for Rr r . Now we know the distribution of Rr r we see the

distribution for γr r (or any other diagonal element of the tensor) is also a triangular distri-

bution
d P (γr r )

dγr r
=
(3−γr r )

2
(2.34)

with a range 1≤ γr r ≤ 3. The average adiabatic index is 〈γr r 〉= 5/3 which matches the well

known result of the adiabatic index of isotropic turbulence [102].

2.9.2 Anisotropic Turbulence

For anisotropic turbulence, one of the diagonal components of the Reynold’s stress has a

distribution different from the other two. In many models of anisotropic turbulence e.g.
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[103], the distribution of the biased component is equal to the distribution of the sum of

the other two components. Defining Rt t =Rθθ+Rϕϕ , the probability d P (Rr r , Rt t )of finding

the elements of the stress tensor in the ranges Rr r to Rr r + d Rr r and Rt t to Rt t + d Rt t , is

uniform across the line 2 Eturb = Rr r + Rt t and so proportional to the line element d ℓ =

δ(2 Eturb −Rr r −Rt t )d Rr r d Rt t . We can proceed exactly as before to integrate over Rt t to

determine the distribution of Rr r . We find

d P (Rr r )
d Rr r

=
1

2 Eturb
Θ(Rr r )Θ(2 Eturb−Rr r ) (2.35)

which is a uniform distribution. Thus γr r = 1+Rr r /Eturb is also uniform and equal to

d P (γr r )
dγr r

=
1

2
Θ(γr r −1)Θ(3−γr r ). (2.36)

From this result we recover the result that for anisotropic turbulence, the average adiabatic

index is 〈γr r 〉= 2 [102].
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toglu, Mikołaj Kałuszyński, Michael S. P. Kelley, Nicholas Kern, Wolfgang E. Kerzen-
dorf, Eric W. Koch, Shankar Kulumani, Antony Lee, Chun Ly, Zhiyuan Ma, Conor
MacBride, Jakob M. Maljaars, Demitri Muna, N. A. Murphy, Henrik Norman, Richard
O’Steen, Kyle A. Oman, Camilla Pacifici, Sergio Pascual, J. Pascual-Granado, Ro-
hit R. Patil, Gabriel I. Perren, Timothy E. Pickering, Tanuj Rastogi, Benjamin R.
Roulston, Daniel F. Ryan, Eli S. Rykoff, Jose Sabater, Parikshit Sakurikar, Jesús Sal-
gado, Aniket Sanghi, Nicholas Saunders, Volodymyr Savchenko, Ludwig Schwardt,
Michael Seifert-Eckert, Albert Y. Shih, Anany Shrey Jain, Gyanendra Shukla, Jonathan
Sick, Chris Simpson, Sudheesh Singanamalla, Leo P. Singer, Jaladh Singhal, Man-
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3.1 Abstract

The turbulent, vortical motion of the fluid below the shock in a core-collapse supernova

amplifies the magnetic field present in the progenitor. The energy contained in the field is

due to the work done by the fluid on the field which comes at the expense of the fluid’s ki-

netic and internal energy. In addition to the energy exchange with the fluid, the magnetic

field has an additional back-reaction upon the fluid vorticity via the baroclinic vector. In

this paper we explore the interplay of the magnetic field, turbulence and vorticity in core-

collapse supernovae using the ELEPHANT code. We find the magnetic field in the gain region

never becomes so large (except in small localized patches) that it affects the global dynam-

ics above the 10% level. The structure of the field quickly becomes a tangled mass of flux

ropes. Energy exchange between the fluid and field occurs predominantly around the in-

ner boundary of the gain region as long, narrow ribbons of adjacent loss and gain, so that it

is difficult to identify where exactly the net energy of the field is generated. The energy ex-

change does not predominantly occur in the vicinity of the turbulence as identified using

the Local-Spatial Average method. The highly-tangled field structure leads to a large con-

tribution to the baroclinic vector that dominates over the hydrodynamic contribution to

the vector. Whereas in the field-free simulations the baroclinic vector is largest around the

base of the downflows that thread the gain region from the shock to the proto-neutron star,

in the simulations with a magnetic field the baroclinic vector is large over a much greater

volume of the gain region. Although governed by very similar transport/evolution equa-

tions to the magnetic field, the vorticity/enstrophy is closely associated with the turbulent

kinetic energy and concentrates around the downflows. The fluid vorticity and magnetic

field are always close to being randomly aligned.

3.2 Introduction

At the present time a general consensus has been reached that the mechanism by which

most massive stars explode as core-collapse supernovae (CCSNe) is due to the ‘neutrino

heating mechanism’ [1, 2, 3]: the stalled shock is revived due to energy deposition by neu-

trinos into material located in a ‘gain region’ below the shock. While simulations of CCSNe

in spherical symmetry consistently fail to explode - except for the lightest progenitors [4, 5]

– via the neutrino heating mechanism [6, 7, 8, 9, 10], multi-dimensional simulations have

achieved unaided explosions [11, 12, 13, 14, 15, 16, 17, 18, 19, 20]. This difference indicates

that, in addition to the heating by the neutrinos, multi-dimensional effects somehow aid
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the explosions. Among these multi-dimensional effects are magnetic fields.

Many 3D simulations of CCSNe do not regularly include magnetic fields even though

the formation of pulsars and magnetars in CCSNe would require them. Long-duration

GRBs are associated with CCSNe [21, 22] and the relativistic jets that pierce the outer lay-

ers of the star are expected to possess strong magnetic fields. Magnetorotationally-driven

supernovae are often proposed as alternatives to the neutrino heating mechanism for fast

spinning, highly magnetized stars [23, 24, 14]. To date the few simulations that have in-

cluded magnetic fields have reported a mixture of results. [25] showed that explosion ener-

gies can vary by over an order of magnitude depending upon the strength and morphology

of the initial magnetic field. In some cases, they also found the supernova explosion to be

caused primarily by the pressure from the magnetic fields rather than the neutrino heating.

The inclusion of magnetic fields and rotation in simulations of a 20 M� star was found to be

the difference between achieving an explosion or not by [14]. More recently [26] found that

if the magnetic field reached magnetar-level strength at an early enough time in their sim-

ulations [27, 28], the shocks were revived sooner and with much more energy when they

included magnetic fields when compared to the unmagnetized simulations. However in

a set of simulations where the initial field of the progenitor was not as strong, [18] found

that the field had little effect upon the dynamics.

The magnetic field in a CCSN is the twisted and amplified field of the progenitor star.

The magnetic fields of progenitors are expected to be large due to the action of a small-

scale turbulent dynamo that operates during the late burning stages (e.g. oxygen burning)

[29]. Field strengths of 1010 G are readily achieved in models. Once the star begins to col-

lapse, the magnetic field will amplify due to compression and stretching even before the

fluid passes through the shock. Once inside the shock, the evolution is more dynamic and

complicated. The growth of the field energy inside the shock has been attributed to in-

stabilities such as the magnetorotational instability (MRI) [30] by field stretching due to

turbulence [31], a Standing Accretion Shock Instability (SASI)[32, 33, 34], or small-scale

turbulent dynamos from the onset of neutrino driven convection [26]. However it grows,

if the field becomes large enough, it affects the fluid through well-known effects such as

magnetic buoyancy [35] and the field’s contribution to the baroclinic vector. The baroclinic

vector generates vorticity, a metric often taken to be the defining characteristic of turbu-

lence [36, 37].

The purpose of our paper is to investigate the interplay of the magnetic field, turbu-

lence and vorticity in CCSNe. Our study is a continuation of [38]. We explore the interplay

of magnetic field, turbulence and vorticity by simulating six core-collapse supernovae in
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three spatial dimensions using the ELEPHANT code [39, 40, 41]. This code is ideal for this

study because of its good spatial resolution throughout the simulation volume. Our pa-

per is organized as follows. The code, the progenitors, the initial magnetic field and the

initial rotation profiles are described in section §3.3.1. We then present our results in sec-

tion §3.3.3, where we dig into the global properties of the simulations before looking more

closely at the magnetic field structure, the energy exchanged between the field and fluid,

the turbulent kinetic energy, and the vorticty/enstrophy. We summarize and present our

conclusions in section §3.7

3.3 The Simulations

3.3.1 The ELEPHANT code

The ELEPHANT code, described in detail in [41, 40, 39], solves the equations of ideal MHD

as a function of position x⃗ and time t in a modified Newtonian gravitational potential,

and uses the Isotropic Diffusion Source Approximation (IDSA) for the neutrino transport

scheme [41]. The equations are solved using operator splitting into the magnetohydrody-

namic equations and the neutrino transport equations. The magnetohydrodynamic equa-

tions that are solved are:

∂ ρ

∂ t
+∇· (ρ v⃗ ) = 0, (3.1)

∂

∂ t
(ρ vi )+

∂

∂ x j

(ρ vi v j − bi b j +P δi j ) =−ρ ∂ ϕ∂ xi

, (3.2)

∂ E

∂ t
+∇· �(E +P ) v⃗ − (v⃗ · b⃗ ) b⃗ �=−ρ v⃗ ·∇ϕ, (3.3)

∂

∂ t
(ρ Ye )+∇· (ρ Ye v⃗ ) = 0, (3.4)

∇2ϕ = 4πG ρ, (3.5)

∂ b⃗

∂ t
−∇× �v⃗ × b⃗
�
= 0⃗, (3.6)

∇⃗ · b⃗ = 0, (3.7)

where ρ is the baryonic mass density, v⃗ the fluid velocity, the electron fraction is repre-

sented by Ye , and the gravitational potential by ϕ. As usual, G is the gravitational con-

stant. The vector b⃗ is the reduced magnetic field, related to the true magnetic field B⃗ in
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Gaussian units by B⃗ =
p

4π b⃗ . The temperature T is not explicitly part of the state vector

but found from the specific internal energy e = e (ρ, T , Ye ), and the total energy density

E = ρ e +ρ v 2/2+ (b⃗ · b⃗ )/2. We compute the thermal pressure Pth = Pth(ρ, T , Ye ) using the

[42] equation of state (EOS) with an incompressibility parameter K = 220 MeV, and the

magnetic pressure is Pmag = (b⃗ ·b⃗ )/2. The total pressure P is P = Pth+Pmag. The gravitational

potential is modified following [43] to include general relativistic corrections. In addition,

the staggered constrained transport method (CT) proposed by [44] is applied to ensure

that the constraint ∇ · b⃗ = 0 in (3.7) is fulfilled (within numerical error) for all time: see

[40]. The MHD equations (3.1)-(3.6) are solved using the second-order relaxation scheme

of [45]. To enforce that the scheme is total variation diminishing (a nonlinear constraint to

ensure stability), ELEPHANT implements the min-mod limiter in supersonic flow regimes

and the van Leer limiter in subsonic regimes [40]. For the time integration, a second-order

predictor corrector method is used.

The underlying idea of IDSA is that for each neutrino flavor, the population can be

separated into a trapped neutrino fraction with a distribution function f (t )ν , and a free-

streaming neutrino population with a distribution function f (s )ν . These two populations

evolve separately connected by a “diffusion source" Σν which converts trapped neutrino

into free-streaming ones, and vice versa. First, for the trapped neutrinos we define the

trapped neutrino fraction Y (t )ν and the the mean neutrino specific energy Zν for flavor ν as

Y (t )ν =
mb

ρ

4π

(h c )3

∫
f (t )ν E 2 d E dµ (3.8)

Z (t )ν =
mb

ρ

4π

(h c )3

∫
f (t )ν E 3 d E dµ (3.9)

with mb the baryon mass. The trapped neutrino fraction Y (t )ν and the the mean neutrino

specific energy Z (t )ν for flavor ν evolve according to the equations

∂

∂ t

�
ρ Y (t )ν
�
+∇· �ρ Y (t )ν v⃗
�
= 0, (3.10)

∂

∂ t

h�
ρZ (t )ν
� 3

4

i
+∇· �(ρZ (t )ν )

3
4 v⃗
�
= 0. (3.11)

These two equations are solved simultaneously with the MHD equations (3.1) through (3.7).

In the IDSA step, the trapped neutrino distribution functions are reconstructed from Y (t )ν
and Z (t )ν assuming a thermal spectrum. With f (t )ν in hand, ELEPHANT then solves the diffu-

101



sion equation given by
1

c

∂ f (t )ν
∂ t

= jν− ( jν+χν) f (t )ν −Σν. (3.12)

with jν the spectral neutrino emissivity,χν the neutrino absorptivity, andϕν includes isoen-

ergetic scattering (see [46]). The “diffusion source" term Σν for flavor ν is taken to be

Σν =min

�
max

�
αν+

1

2
( jν+χν)

∫
f (s )ν,0 dµ, 0

�
, jν

�
, (3.13)

with

αν =∇·
� −1

3 ( jν+χν+ϕν)
∇ f (t )ν

�
. (3.14)

Here f (s )ν,0 denotes the distribution function of the free-streaming neutrinos from the previ-

ous time step. The non-local diffusion term αν is computed by explicit finite differencing;

all other unknowns in the IDSA step are solved using an implicit Euler time step using the

Newton-Raphson iterative solver. That is, the numerical solution of equation (3.12) sets

the net interaction rates sν between the matter and neutrino flavor νwhich is then used to

updates the electron fraction Ye and the specific internal energy e of the fluid so that they

are consistent. The net interaction rates are given by

sν =
1

c

∂ fℓ
∂ t
+Σν− ( jν+χν)2

∫
f (s )ν dµ (3.15)

and the electron fraction Ye and the specific internal energy e of the fluid are updated

according to

∂ Ye

∂ t
= − 4π

h 3c

mb

ρ

∫
(sνe
− sν̄e

)E 2d E (3.16)

∂ e

∂ t
= − 4π

h 3c

mb

ρ

∫
(sνe
− sν̄e

)E 3d E . (3.17)

The rates jν, χν, and ϕν are then adjusted according to the new values of the electron

fraction and specific internal energy which then update the trapped neutrino fraction Y (t )ν
and mean energy Z (t )ν seen in equations (3.10) and (3.11). This iterative scheme is repeated

until convergence is achieved. The IDSA transport scheme is easily parallelizable because

the only non-local quantity is αν and the grid zones do not need to communicate much

with each other within the iterative solve. At the end of the IDSA step the fluid velocity is
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updated via
∂ v⃗

∂ t
=− 1

ρ
∇
�
ρZ (t )ν
3mb

�
(3.18)

The computational domain of ELEPHANT consists of a 3D Cartesian cuboid for the inner-

most region of the supernova surrounded by a 1D spherically symmetric domain for the

outer layers of the progenitor star. More details on the implementation of the hydro equa-

tions in ELEPHANT on a 3D uniform Cartesian mesh, together with test cases, can be found

in [40]. The larger, spherically symmetric domain surrounding the 3D cuboid is evolved

on an adaptive grid using the AGILE-IDSA solver [41]. The spherically symmetric solution

is used primarily for the properties of the material falling through the boundary of the 3D

mesh, but since it extends into the inner part of the Cartesian grid, it also provides a sec-

ond solution of the equations that is particularly useful within the PNS where it serves as

a check of the entropy evolution. The 1D solution also gives us the ability to enlarge the

3D Cartesian cuboid when the shock expands and reaches the boundary of the 3D cuboid.

With this setup of the computational domain, the ELEPHANT code has high 3D spatial fi-

delity in the region below the shock without the burden of a large number of grid zones

where the solution is spherically symmetric. Hence, it is ideally suited for the proposed

study of the post-bounce phase especially for the growth of the turbulence in the shocked

material.

3.3.2 The Progenitor Model

For our study we adopt two solar-metallicity progenitor stars of 15 and 20 M� zero-age

main sequence (ZAMS) mass of [47] used in our previous study [38]. In this paper, we will

refer to the simulations by a codename composed of the progenitor mass and magnetic

field, sXX-TYY, where ’XX’ is the mass of the progenitor model and ’YY’ is the log base ten

of the field strength parameter B0 in Gauss, i.e. B0 = 10YY Gauss. For the magnetic field-

free cases, the name of the run will instead use the word "Control" for the magnetic field.

The nomenclature is outlined in Table 3.1. The progenitors do not have any rotation nor

magnetic field included, and thus we must impose both of these properties onto the pro-

genitor.

The magnetic field we insert is a very simple toroidal field. Our initial field configura-

tion is deliberately simple so that the amount of field growth during the collapse phase

before the fluid passes through the shock is minimized. This allows us to focus on the pro-

cesses that cause the field to grow inside the gain region as opposed to accretion through
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the shock. In other studies of magnetic fields in supernovae, authors have adopted split-

monopole fields [32, 33, 34] or pure poloidal fields [48, 49, 28, 26]. Mixed toroidal/poloidal

field configurations were used in Sykes & Müller [18].

We start from the vector potential A⃗T given by

A⃗T = B0 r sinθ k̂, (3.19)

where B0 is a parameter that sets the magnetic field strength. Similar to [50], this vector

potential is then scaled by the square root of the initial mass density profile so as to avoid

the magnetic pressure overwhelming the thermal pressure. Thus our initial magnetic field

has the form

B⃗ =∇×
�√√ ρ
ρ0

A⃗T

�
, (3.20)

which implies the initial field has two components,

B⃗ =
√√ ρ
ρ0

�∇× A⃗T

�
+

�∇pρ�× A⃗Tp
ρ0

. (3.21)

Here, ρ0 is a reference density set to ρ0 = 1010 g/cm3. Both terms on the right hand side

of equation (3.20) are toroidal in the sense that the field lines are circles in the x y -plane.

The first term is the density-scaled toroidal field as desired; the second is also a toroidal

field but (i) it winds in the opposite direction because the density decreases with r ; and

(ii) it has a strength that is proportional to sinθ , i.e., it is strongest in the x y -plane. On a

discrete level, the initial magnetic field is implemented as follows. For the magnetic field

values inside the cuboid, the curl in (3.20) is computed on the cell interfaces using the

central differences for each directional derivative. These derivatives are calculated using

the cell center values of
p
ρ A⃗T , resulting in an initial magnetic field on a staggered mesh

which is guaranteed to be divergence-free.

As we said, ELEPHANT uses an inner cuboid embedded in a larger, 1D spherically sym-

metric domain. The solution in the spherical domain provides the hydrodynamical quan-

tities advecting into the cuboid, however it does not provide information on the configu-

ration of the magnetic field. Our solution for the advected magnetic field is to construct a

field in the boundary cells using the same algorithm used to build the initial field within

the Cartesian grid, and then correct the field so that the divergence of the accreting field

vanishes.

We also add a small amount of rotation into the progenitor. The rotation profile we
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Table 3.1: Initial Parameters of Simulations

Run Name Progenitor B0 Ωr o t rrot

(G) (rad/s) (km)
s15 Control s15 0 0 250

s15 T10 s15 1010 0.3 250
s15 T12 s15 1012 0.3 250

s20 Control s20 0 0 250
s20 T10 s20 1010 0.3 250
s20 T12 s20 1012 0.3 250

adopt is described by two parameters,Ωr o t and rr o t . The first step is to calculate values for

the specific angular momentum L/m for each AGILE zone i according to

L

m
=

2

3
Ωr o t

r 2
i r 2

r o t

(r 2
i + r 2

r o t )
, (3.22)

where ri is the radius of the i ’th AGILE grid zone, rr o t is a scaling factor to determine at what

radius L/m becomes the moment of inertia of a spherical shell, and Ωr o t is the input pa-

rameter corresponding to the angular velocity of the spherical shell. ELEPHANT records the

specific angular momentum for the AGILE zones in a table alongside the mass coordinate

of each AGILE zone. To find the initial velocity of grid zone j in the 3D domain ELEPHANT
performs a linear interpolation to find the L/m for the zone given its mass coordinate,

then computes the z component of the angular velocity Ωz for that grid cell according to

Ωz =
3

2 r 2
j

�
L

m

�
(3.23)

ELEPHANT then assigns the velocity components vx and vy for the cell to be vx = −ry Ωz

and vy = rx Ωz . As the simulation evolves, material that is newly accreted into the 3D do-

main is assigned velocity components that follow from the conservation of angular mo-

mentum. Note that while the accretion of material into the 3D domain means the angu-

lar momentum inside the 3D domain is not conserved, the MHD equations in 3.3.1 are

evolved with a momentum and angular momentum preserving scheme so the angular

momentum growth in the 3D domain is solely due to accretion. For the simulations in

this work, we have selected rr o t = 250 km for all simulations and use Ωr o t = 0.3 rad/s for

those that include rotation. The six simulations are summarized in Table 3.1.
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Figure 3.1: Average, minimum and maximum shock radii as a function of the post-bounce
time for the s15 (left) and s20 (right) simulations.

3.3.3 General Properties of the Simulations

We begin the presentation of our results by discussing some general properties of our sim-

ulations: the evolution of the shock radius, entropy, and the mass accretion. For each sim-

ulation we adopt a uniform fidelity of 1 km throughout the 3D volume; initially, the 3D

volume encompasses the innermost 600 km of the star (i.e., along each axis the 3D vol-

ume ranges from -300 km to +300 km). When the shock reaches the edge of the 3D com-

putational domain, we expand the 3D domain by adding 100 km in both the negative and

positive directions along each coordinate axis. We expand the 3D volume twice and stop

the simulation when the shock reaches 500 km in any direction.

We show in the panels of Figure 3.1 the average shock radius (various line styles) for

each simulation along with its minimum and maximum position (shaded bands). The left

panel of Figure 3.1 is the data for the simulations using the s15 progenitor, while the right

panel is the data for the simulations using the s20 progenitor. For the s15 progenitor cases,

the T10 simulation lags the Control and T12 by a few tens of kilometers after tpb ∼ 150 ms.

For the s20 progenitor, the shock revival is delayed relative to the s15 until tpb ∼ 150 ms.

After tpb ∼ 150 ms, T10 falls behind the shock radius in the Control and T12 simulations.

We find no evidence for a standing accretion shock instability (SASI) [51, 52] in any of our

simulations - we refer the reader to [32, 33, 34] for studies of the growth of the magnetic

field in simulations where the SASI does appear.

In Figure 3.3 we plot 2D slices of the entropy for the three s20 simulations. The low-

entropy, pre-shocked material and the low-entropy proto-neutron star form the innermost
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Figure 3.2: The entropy for the s15-Control (left), s15-T10 (middle), and s15-T12 (right)
simulations at the post-bounce times of ∼ 100 ms (first row), ∼ 150 ms (second row), and
at final time for each simulation (third row).
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Figure 3.3: The entropy for the s20-Control (left), s20-T10 (middle), and s20-T12 (right)
simulations at the post-bounce times of ∼ 102 ms (first row), ∼ 150 ms (second row), ∼
193 ms (third row), and at final time (last row).
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Figure 3.4: The ratio of advection timescale to heating timescale as a function of the post-
bounce time.

and outermost layers. Between them is the gain region, which we define as the interior

region of the shock where the entropy exceeds S > 5 kB/baryon, the density is less than

ρ < 1010 g/cm3, and the neutrino heating is positive. The spherical symmetry of the ini-

tial collapse, proto neutron star formation, shock formation and expansion is broken by

neutrino heating at approximately 100 ms postbounce in all three simulations. By 150 ms

postbounce the shock is noticeably aspherical, and by 195 ms postbounce the presence of

low entropy downflows piercing through large convective plumes are seen. Note that 195

ms postbounce is after the shock was seen to be revived in Figure 3.1. By the end of the sim-

ulation the shock front has expanded preferentially into one hemisphere. The evolution of

the entropy is similar to that seen previously in multi-D simulations, such as [2, 53, 54] to

name a few.

The shock is revived due to the neutrino heating of the material in the gain region.

There are two relevant timescales that we need to consider: the heating timescale which is

the time it would take for the neutrinos to deposit enough energy to unbind the material,

and the advection timescale which is the time that matter spends in the gain region. For

shock revival, the heating timescale must become shorter than the advection timescale. To

define the two timescales precisely, we adopt the definitions used in [55] which were also

used in [38].

Figure 3.4 shows the ratio of the advection timescale to the heating timescale as a func-

tion of the post-bounce time for all six simulations. In the simulations suing the s15 pro-

genitor the ratio exceeds unity as early as tpb ≈ 80 ms, whereas the ratio exceeds unity in
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the simulations using the s20 progenitor only at tpb ≈ 120 ms. The magnetic field we in-

serted into the progenitors appears to have little effect on the ratio of the two timescales,

except in the case of s20-T10 after tpb ≈ 200 ms. The delay of τa d v/τhe a t = 1 in the s20 sim-

ulations relative to s15, and the insensitivity to the imposed field except for the s20-T10 at

late times, are consistent with the interpretation of Figure 3.1.

In summary, the results shown in this section from our simulations are broadly consis-

tent with other 3D simulations using the same progenitors [56, 57, 58, 59, 60, 61, 62, 63, 64,

19, 65, 66]. We now proceed to more closely examine the magnetic field, the turbulence,

and the vorticity/enstrophy in the simulations.

3.4 The Magnetic Field

The magnetic field at a given point and time within the supernova will evolve due to pro-

cesses which are typically divided into the three categories of ‘advection’, ‘stretching’, and

‘compression’ [67, 68]. The field passing through a fluid element begins its evolution due

to compression and stretching even before the element reaches the shock. For radial infall,

the solid angle subtended by a spherical wedge-shaped mass element does not change as

it falls inwards. Since the fluid is taken to be a perfect conductor and thus the magnetic

field is frozen in the fluid, the magnetic flux through the faces of the mass element are

conserved. This means the components of the field grow as

br (r ) = br (r0)
� r0

r

�2
, (3.24)

bθ ,ϕ(r ) = bθ ,ϕ(r0)
�

r0

r

d r0

d r

�
, (3.25)

where r0 is the initial location of the mass element. The ratio d r /d r0 is the radial stretch

factor. For the case of pure freefall, the stretch factor is given by an analytic, albeit compli-

cated, expression; see Appendix §3.9. As the mass element falls towards the core and r0/r

increases, both the radial and non-radial (transverse) components the field grow due to

compression. For the radial component, this is the only contributing factor to the growth.

For the non-radial components there is a dependence upon the stretch factor d r /d r0. For

material that is initially well outside the core, the radial stretching of a mass element is

initially small, resulting in d r /d r0 ≈ 1. Thus, if there is a non-zero transverse component

of the field at the initial location of the fluid element, this component grows as 1/r dur-

ing the initial phase of collapse compared to the 1/r 2 growth of the radial component. As
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the mass element falls further, the stretch factor d r /d r0 begins to increase from unity and

eventually will scale as 1/
p

r when the mass elements are in freefall, indicating that the

growth of the transverse components of the magnetic field slows to 1/
p

r . In contrast, if

there is a non-zero radial component of the magnetic field through a mass element at its

initial location equation (3.24) indicates that this component grows as 1/r 2 through the

collapse. Therefore, if the initial magnetic field passing through a mass element has both

transverse and radial components, the field will become increasingly dominated by the

radial field as the fluid collapses. This leads to field configurations which resemble the

split monopole as seen in [49, 26] and used by [32, 33, 34] as the initial magnetic field in

their simulations. Rotation of the star will modify these expectations (a mass element gets

squeezed in the transverse direction because the orbital planes defining the faces of the

mass element must intersect at some point) but the squeezing is only important if the mass

element completes a substantial fraction of an orbit.

As the fluid element falls, the magnetic field energy of the element grows due to the

compression no matter its orientation. However the rate of growth of the field energy den-

sity relative to the kinetic energy density of the element does depend upon the orientation.

The density of the fluid element increases as ρ(r )∝ (1/r 2)(d r0/d r ) and the fluid velocity

grows as v (r )∝ 1/
p

r for pure freefall in the weak field limit. Pulling these together, the

fluid kinetic energy density thus scales as Ek i n∝ (1/r 3) (d r0/d r ). For an initial mass den-

sity profile that falls off rapidly with r0 and for r � r0, d r0/d r ∝pr and so Ek i n∝ 1/r 5/2.

If the field is purely transverse, the magnetic field energy density, Eb = |b⃗ |2/2, scales as

Eb ∝ (1/r 2)(d r0/d r )2. Therefore the ratio of magnetic to kinetic energy density is seen to

scale as Eb /Ek i n ∝ r (d r0/d r ), indicating the ratio decreases as the element falls radially

inward. For the case of a pure radial field, Eb ∝ (1/r 4) and the ratio Eb /Ek i n is seen to

scale as Eb /Ek i n∝ 1/(r d r0/d r ), meaning the ratio increases as the element falls. It is this

scaling during the collapse that motivates our decision to focus upon initially pure toroidal

magnetic fields because it allows us to better observe the processes which generate the

magnetic field within the shock rather than advecting a lot of field energy.

The evolution of the magnetic field becomes much more complicated once the fluid

passes through the shock, as seen in [26]. The standard paradigm for the growth of the

magnetic field is the amplification of the field lines due to streamline stretching [67]. This

picture emerges by combining the evolution of the magnetic field, given by equation (3.6),
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with the mass continuity equation (3.1), to produce

∂

∂ t

�
b⃗

ρ

�
+ (v⃗ ·∇)
�

b⃗

ρ

�
−
�

b⃗

ρ
·∇
�

v⃗ = 0. (3.26)

This combination of time and spatial derivatives is often known as the fluid derivative. The

interpretation of this equation emerges from considering the vector ∆x⃗ which connects

two fluid elements. This vector evolves (to linear order in ∆x⃗ ) according to the similar

equation
∂

∂ t
(∆x⃗ ) + (v⃗ ·∇) (∆x⃗ )− (∆x⃗ ·∇) v⃗ = 0. (3.27)

Thus if we consider two fluid elements along a field line, i.e. they satisfy b⃗ /ρ∝∆x⃗ , then

as the distance between the fluid elements grows, the magnetic field must also grow, as-

suming the fluid is incompressible. The growth of the field continues until the magnetic

field has become sufficiently large to induce a back-reaction upon the fluid.

If the magnetic field grows, the energy in the field increases. From equation (3.6) one

can derive that the magnetic field energy density Emag = (b⃗ · b⃗ )/2 grows as

∂ Emag

∂ t
+∇· S⃗mag = −v⃗ · �(∇× b⃗ )× b⃗

�
, (3.28)

= v⃗ ·∇Ema g − v⃗ · (b⃗ ·∇) b⃗ (3.29)

where S⃗mag = v⃗ (b⃗ · b⃗ )− b⃗ (v⃗ · b⃗ ) is the Poynting vector. Note that if the velocity and magnetic

field are aligned/anti-aligned, the Poynting vector is zero. The term on the right hand side

of equation (3.28) is the rate at which magnetic field energy is exchanged with the fluid.

Note that if the velocity and magnetic field are aligned/anti-aligned then this term goes

to zero. Thus, the fluid can only do work on the magnetic field if the fluid velocity is not

parallel/anti-parallel with the magnetic field. The right hand side of equation (3.29) shows

that the energy exchanged between the field and the fluid can be split into the energy ex-

changed due to the magnetic pressure gradient, and the field curvature.

3.4.1 The Total Magnetic Field Energy in the Gain Region

The left panel of Figure 3.5 shows the integrated magnetic energy within the gain region for

all four simulations with magnetic fields that we undertook, and the total kinetic energy

in the gain region of all simulations as a reference. We observe that for all the simulations

with magnetic fields, the total magnetic field energy in the gain region is smaller than the
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Figure 3.5: Kinetic energy (left) and magnetic field energy (middle) in the gain region as
a function of the post-bounce time for the s20 (dashed) and s15 (solid) simulations. Right:
Ratio of magnetic to kinetic energy. Two fits of the form y = 100.03x are shown in black.

kinetic energy in the gain region by at least an order of magnitude. The s15 models have a

larger amount of magnetic field energy - by a factor of approximately 3-10 - than the two

s20 simulations. The growth of the magnetic field energy in the gain region is due to an in-

creasing volume of the gain region, the net accumulation of field energy through the shock

minus that lost through the inner boundary, and the conversion of fluid energy into field

energy inside the gain region. Before convection begins, the magnetic field energy in the

gain region grows only due to accretion of the field through the shock and compression.

After convection is initiated at tpb ≈ 80− 100 ms, there is a temporary and rapid increase

in the growth rate of the magnetic field energy which lasts for ∼ 20 ms in the two T12 sim-

ulations. This feature is similar to the one seen in [26], in which they attribute this growth

to the operation of a small-scale dynamo formed once the neutrino-driven convection is

initiated. A small-scale dynamo mechanism converts fluid kinetic energy at scales below

the turbulence forcing scale into magnetic field energy (although the ultimate source of

the fluid energy may be different e.g. gravitational potential energy). After tpb ≈ 120 ms the

field energy in the two T12 simulations grows at a rate similar to the kinetic energy while

the field energy in the two T10 simulations continues to grow exponentially. Note that the

amount of magnetic field energy in the gain region shown in Fig. 3.5 is slightly larger (by a

factor of a few) than the energies seen in [18], who found values for their simulations that

were in the range 1047−1048 erg.

The similarity of the growth rates of the field energy and kinetic energy in the T12 sim-

ulations after tpb ∼ 120 ms suggests that the ratio of the two may be almost constant. This

is verified in the right panel of Figure 3.5 where we plot the ratio of magnetic to kinetic

energy for the four simulations that include the field. In the two T12 simulations we still
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Figure 3.6: Inverse of plasma beta, scaled logarithmically, for the s15-T10 run (left col-
umn) and s15-T12 run(right column) at the post-bounce times of ∼ 100 ms (top row),
∼ 150 ms (middle row), and at the final simulation time for each simulation (bottom row).
Note the change of domain size in the last row as the shock expands.
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Figure 3.7: Inverse of plasma beta, scaled logarithmically, for the s20-T10 run (left col-
umn) and s20-T12 run(right column) at the post-bounce times of ∼ 150 ms (top row),
∼ 193 ms (middle row), and at the final simulation time for each simulation (bottom row).
Note the change of domain size in the last row as the shock expands.
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see the rapid rise in the magnetic field energy around tpb ≈ 80−100 ms and thereafter the

ratio of the two energies is almost constant at Eb /Ekin ≈ 5% for the simulation using the s20

progenitor, and 8% for the simulation using the s15 progenitor. We note that this plateau

in the ratio is reached before the shock is revived at tpb ∼ 150 ms. In contrast, the ratio

of the field energy to kinetic energy in the gain region in the two T10 simulations grows

approximately exponentially until the magnetic field energy is a few percent of the kinetic

energy. Thereafter the ratio appears to approach the same, approximately constant, ratio

of Eb /Ekin ≈ 5%−8%. We caution that this ratio of magnetic to kinetic energy is likely to be

influenced by the spatial resolution of the simulations - see, for example, [32], who showed

how the spatial resolution affected the saturation level of the field in their simulations.

For the T10 simulations this plateau stage does not occur until well after the shock has

been revived. During the the exponential growth phase between ∼ 120 ms and ∼ 200 ms,

the growth rates in the two T10 simulations are 71.5 /s equivalent to a growth timescale of

14 ms. This is longer than the 3 ms timescale found in [26] but smaller than the timescale

of 60 ms found by [33] for the growth of the magnetic field energy in their simulations

(although the reader should be aware that two the setups are different and may not be

directly comparable), as well as the 43 ms timescale for the growth of the field found by

[18] in their simulations using a different set of progenitors. We have not attempted to

determine the timescale for the field growth during the short, 20 ms, period around tpb ≈
80−100 ms in the two T12 simulations.

3.4.2 The Spatial Structure of the Magnetic Field

While Figure 3.5 shows that the total magnetic field energy in the gain region is always

significantly less than the total kinetic energy in the gain region, locally we find pockets

of material where the magnetic field energy density is similar to the local kinetic energy

density, or similarly where the magnetic field pressure is similar to the thermal pressure.

Such local enhancements of the field pressure were also seen in [33]. Adopting the param-

eter ‘plasma beta’, defined to be 1/β = Pmag/Pth, to quantify the strength of the magnetic

pressure relative to the thermal pressure, we show in Figures 3.6 and 3.7 2D slices of 1/β

at fixed times for the two s15 simulations, and the two s20 simulations respectively. The

figures indicate that at tpb ≈ 100 ms, the two T10 simulations have a negligible contribu-

tion from the field pressure to the total pressure, and even by tpb ≈ 150 ms, there are faint

hints that 1/β is not zero in small regions of the gain region in the s15-T10 simulation. In

the s20-T10 simulation the growth of the field pressure appears to be delayed relative to
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Figure 3.8: The fraction of the gain region volume with 1/β in given ranges as a function of
time for s15-T10 (top left), s15-T12 (top right), s20-T10 (bottom left) and s20-T12 (bottom
right).
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the s15-T10 because we do not observe that 1/β is of orderO (0.1) until tpb ≈ 200 ms. At the

time when the s20-T10 simulation was terminated, the field pressure grew to be as large

(or even larger) than the thermal pressure in some places. In the two T12 simulations the

contribution to the total pressure is apparent even at tpb ≈ 100 ms in the s15-T12 simula-

tion and by tpb ≈ 150 ms one can find places where 1/β is O (1) through the gain region.

Like the two T10 simulations, the growth of the field in the s20-T12 simulation appears to

be somewhat delayed relative to the s15-T12.

Comparing with Figures 3.2 and 3.3, we see that, generally, 1/β is smallest immediately

below the shock and in the low-entropy accretion downflows which thread the gain region,

though the correspondence is not exact. Within the high-entropy heated fluid there is a

great deal of intermittency of 1/β with large variations over small distances i.e. over scales

much smaller than the size of the gain region. This suggests that the field is generated at

the base of the convective plumes and then the tangled field is transported towards the

shock.

We can analyze the maps of 1/β in the gain region and determine the fraction of the

gain region volume where the parameter 1/β falls within particular ranges. The results are

shown in Figure 3.8 and make the impressions from figures (3.6) and (3.7) more quanti-

tative. At tpb = 60 ms the magnetic pressure everywhere in the gain region is very small

in both the s15-T10 and s20-T10 simulations. It is not until tpb ∼ 140 ms in the s15-T10

simulation and tpb ∼ 160 ms in the s20-T10 simulation that the magnetic pressure reaches

the level of ∼1 % of the thermal pressure in ∼ 10% of the gain region volume, and it takes

until tpb ∼ 190 ms in the s15-T10 simulation before the field pressure reaches ∼10% of the

thermal pressure in ∼ 10% of the volume, and tpb ∼ 200 ms in the s20-T10 simulation. By

tpb ∼ 190 ms the shock in the s15-T10 simulation has reached 500 km and the simulation

has been terminated, but the shock progresses more slowly in the s20 models and so we

are able to observe that after tpb ∼ 200 ms the fraction of the gain region volume which has

a value of 1/β in the respective ranges appears to plateau suggesting a steady-state has

been approached.

In contrast, the magnetic pressure in the s15-T12 and s20-T12 simulations is already

∼1 % of the thermal pressure in more than half of the gain region as soon as convection

begins at tpb = 80−100 ms, and 10% of the gain region volume has a value of 1/β ∼ 10% at

the same time. By tpb ∼ 120 ms both simulations show that about 10% of the gain region

volume has approximately equal amounts of thermal and magnetic pressure, or in other

words, a 1/β ≈ 1. We even see there is a small but non-zero fraction of the gain region

volume which has 1/β ≳ 10. Our results are similar to those of [32] but it appears that our
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simulations have a greater fraction of the gain region filled with zones where 1/β > 0.1.

To explore whether the field has any large scale structure we decompose the magnetic

field into a mean field and a turbulent field. Our approach is similar to the Local-Spatial

Average method used in [38]. The field b⃗ is decomposed into b⃗ = 〈b⃗ 〉+ b⃗ ′ where 〈b⃗ 〉 is the

mean field and the turbulent component is b⃗ ′. The mean field for a particular grid cell in

the simulation is defined to be average of the field in a cube surrounding the cell, that is:

〈b⃗ 〉= 1

Vcube

∫
Vcube

b⃗ d V , (3.30)

where Vcube is the volume of the cube of side length L centered on the grid cell under consid-

eration. Note that the volume Vcube only includes those cells which are found to be inside

the gain region so that the averaging volume is not always a full cube. Once 〈b⃗ 〉 is found,

the turbulent component for the grid cell, b⃗ ′, is simply b⃗ ′ = b⃗ − 〈b⃗ 〉. Other methods for

obtaining the mean field can be found in the literature e.g. [69, 26].

In Figure 3.9 we show the decomposition of the field for the s15-T10 simulation at

tpb = 98.7 ms. The figure shows that the mean field is approximately an order of magni-

tude smaller than the turbulent field at this time. This dominance of the turbulent field

over the mean field was also seen in [26].

3.5 The Fluid Kinetic Energy and Turbulence

Next we turn to the fluid kinetic energy. The total kinetic energy in the gain region is shown

in the left panel of Figure 3.5 for all four simulations with magnetic fields. The kinetic en-

ergy grows over time from an initial value of order 1048 erg at tpb = 60 ms up to 1049−1050 erg

by tpb = 200 ms. This growth is due to net accretion of kinetic energy through the shock mi-

nus that lost through the inner boundary of the gain region, as well as work done on the

fluid inside the gain region. There is not a distinctive change in the growth of the total ki-

netic energy at ≈ 80− 100 ms postbounce when convection begins. We note that the s15

models have a larger amount of kinetic energy in the gain region than the s20 models after

tpb ≈ 120 ms because the shock region is larger in those simulations.

The right-hand side of equation (3.28) is the rate of energy exchange between the mag-

netic field and the fluid. Of course, this same energy exchange term appears with the oppo-

site sign in the equation for the evolution of the fluid energy. Starting from equation (3.3)

we can derive the transport equation for the sum of the kinetic and internal energy of the
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fluid to be:

∂

∂ t
(Ekin+Eint) +∇· [(Ekin+Eint) v⃗ ] =−ρ v⃗ ·∇ϕ−∇· (Pth v⃗ ) + v⃗ · ��∇× b⃗

�× b⃗
�

(3.31)

Note that this equation does not include the energy gained by the fluid due to interactions

with the neutrinos: that is handled in ELEPHANT in a separate step, and would be positive

over the entire gain region by definition. The three terms on the right hand side of equa-

tion (3.31) are the rates at which work is done on the fluid by gravity, the surrounding fluid,

and the magnetic field. If the work done on the fluid by gravity and pressure forces is neg-

ligible, the magnetic field energy grows at the expense of the fluid’s kinetic and internal

energy, but if the work done on the fluid by gravity and pressure forces is large then the

fluid kinetic plus internal energy and the magnetic field energy can grow together. Indeed,

this simultaneous growth of fluid kinetic+internal energy and the magnetic field energy

occurs outside the shock as the fluid collapses.

In Figures 3.10 through 3.13 we show 2D slices of the three terms from the right hand

side of equation (3.31) for the four simulations with magnetic fields. The first column of

each figure clearly indicates the convection in the gain region. At early times, tpb ≈ 100 ms,

the volume fraction of the gain region where the fluid is ascending is a small fraction of

the total and the size of these regions is ∼ 50 km at most. As time progresses, the volume

fraction of the uprising fluid grows and also the size of these regions grow. At tpb ≈ 150 ms

the convective plumes are of 100 km in size, and by tpb ≈ 200 ms they are of 200 km in size

(or larger) and occupy the majority of the gain region volume.

The rate of work done on the fluid by the surrounding fluid is shown in the third column

of the figures. At tpb ≈ 100 ms the majority of the fluid in the gain region is losing energy as

flows towards the PNS, with only small regions, coincident with the uprising fluid, where

the fluid is gaining energy from the surrounding fluid. The scale of these regions is again

∼ 50 km. As time progresses more of the fluid starts to gain energy but we note that the

size of the structures remains small, i.e. ∼ 50 km and does not grow as large in scale as

the convective plumes. Indeed, even deep within the convective plumes, the fluid can be

either gaining or losing energy. We also notice what look like partial spherical shells of en-

ergy gain and loss that might indicate the presence of standing acoustic /magnetoacoustic

waves [70].

The work done on the fluid by the magnetic field is shown in the second column of

the figures, and we immediately notice that the geometry and scale of the regions where

the fluid is gaining or losing energy to the field are different than for the other two en-
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ergy exchange mechanisms. These figures are very similar to those shown in [32]. The en-

ergy exchange between the fluid and field is strongest around the inner boundary of the

gain region and we do not observe any feature coincident with the downflows seen in the

gravitational rate of work panels. Close inspection reveals that the energy exchange is not

preferentially from fluid to field. Instead we observe long ribbons where the fluid is losing

energy to the field adjacent to ribbons where the fluid is gaining. So even though the field

is gaining energy relative to the kinetic energy over time when integrated over the entire

gain region, the gain is highly intermittent. The rate of work done by field upon the fluid

can be split into two parts since v⃗ ·�(∇× b⃗ )× b⃗
�
= v⃗ ·(b⃗ ·∇) b⃗−v⃗ ·∇Ema g . The term v⃗ ·(b⃗ ·∇) b⃗

is the rate of work done by the rotational part of the Lorentz force, and the term−v⃗ ·∇Ema g

is the rate of work from the irrotational component.

As we mentioned previously, the energy exchanged by the fluid and field depends upon

the relative orientation of the fluid velocity and the field. When the field and fluid velocity

align, no energy is exchanged. In figure (3.14) we show a histogram of the alignment of

the fluid velocity and magnetic field within the gain region for the s15-T12 simulation at

three snapshots in time. Also shown is the expectation if the two vectors are random and

have no correlation. At tpb ≈ 100 ms the two vectors are preferentially orthogonal - recall

that that the initial field we adopt is toroidal while the velocity will be almost radial at such

times. But very quickly i.e. by tpb ≈ 133; ms, the two vectors become randomly aligned in

the s15-T12 simulation. This time matches the time at which the ratio of magnetic field

energy to fluid kinetic energy reaches the plateau stage in the right panel of figure (3.5).

3.5.1 The Turbulence

The kinetic energy of the fluid may be decomposed into two parts: the turbulent kinetic

energy density (TKE), ET K E , and (for lack of a better term) the non-turbulent kinetic en-

ergy1 density (NTKE) . By non-turbulent kinetic energy we mean the kinetic energy density

associated with fluid flow on the largest scales, in our case, on the scale of the gain region;

by turbulent kinetic energy we mean the energy associated with the fluid motion on much

smaller scales i.e. the scale of the turbulent eddies. These two quantities need to be suit-

ably defined, a task which is not trivial in the case of core-collapse supernovae. As in [38],

we undertake a Reynolds decomposition of the fluid velocity so v⃗ = 〈v⃗ 〉+ v⃗ ′ where 〈v⃗ 〉 is

an expectation value and v⃗ ′ is the deviation (fluctuation) from 〈v⃗ 〉. In a fluid which has

1We avoid using the term ‘laminar kinetic energy’ since this is often used in the literature with a different
meaning than we require here.
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reached a statistical steady state the expectation value of the velocity is the time-average

of v⃗ . In situations where the fluid is not in a statistical steady state, the expectation value is

often computed as a spatial (volume) average. Of the two methods of this type considered

in [38], we shall consider only the Local Spatial Average (LSA) method which was seen to

yield maps of TKE which were a better match to other indicators of the turbulence. In the

LSA method we define the expectation value of the velocity, 〈v⃗ 〉, for a particular grid cell to

be the mass-weighted volume average (MWVA) of the velocity in a cube surrounding the

cell, that is:

〈v⃗ 〉= 1

Mcube

∫
Vcube

ρ v⃗ d V , (3.32)

where

Mcube =

∫
Vcube

ρd V (3.33)

and Vcube is a cubic volume of side length L centered on the grid cell under consideration.

Note that, in practice, the volume Vcube only includes those cells which are found to be

inside the gain region so that the averaging volume is not always a full cube. We also note

that this method for computing 〈v⃗ 〉 guarantees that the Reynolds Rules are satisfied within

the averaging volume. The size of the averaging volume must be chosen appropriately and

we adopt the same scale of L = 20 km used in [38] (because they are the same simulations).

Once computed, the local turbulent kinetic energy density is thus ET K E =ρ |v⃗ ′|2/2.

In Figures 3.15 and 3.16 we plot a 2D slice of the specific TKE using the LSA method in

the xy plane at a set of snapshot times for the six simulations. Comparing with the maps

of the entropy in Figures 3.2 and 3.3, and the energy gained/lost by the fluid due to gravity

in Figures 3.10 through 3.13, we see the specific turbulence is concentrated around the

downflows with the convective plumes visible as the areas relatively free of turbulence.

These maps can be compared with the maps of 1/β in Figures 3.6 and 3.7 which do not

show structures that resemble the convective upflows.

The TKE relative to the total kinetic energy in the gain region at several points in time

for three simulations with magnetic fields is shown in Figure 3.17, plus the same ratio com-

puted for the two control simulations. At least for the s15-T10 simulation, there is no appar-

ent difference in the amount of turbulent kinetic energy. In contrast the s15-T12 simula-

tion appears to show a somewhat smaller ratio of turbulent to total kinetic energy starting

at tpb ≈ 80 ms when convection begins, and similarly the s20-T12 also hints at a small

reduction of the turbulent kinetic energy. In both simulations, the decrease is small and

approximately 5− 10%, i.e. similar to the ratio of magnetic to total kinetic energy seen in
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Figure (3.5). However, we caution the reader that the turbulent kinetic energy is a difficult

quantity to measure and the LSA method we use in this paper is known to yield values

which depend upon the size of the averaging volume - see [38]. Therefore the 5− 10% re-

duction shown in figure (3.17) must be regarded as being somewhat qualitative.

3.6 The Vorticity

The presence of vorticity is often regarded as indicating the presence of turbulence in a

fluid. Like the magnetic field, the vorticity, ω⃗=∇× v⃗ , is divergence free, i.e.∇·ω⃗= 0. From

equations (3.1) and (3.2) we find the vorticity evolves according to

∂ ω⃗

∂ t
=∇× (v⃗ × ω⃗)+ m⃗ , (3.34)

where m⃗ is the baroclinic vector. The combination ω⃗× v⃗ is known as the Lamb vector or

force. Using a vector calculus identity and that∇·ω= 0, equation (3.34) can be written as

∂ ω⃗

∂ t
+ (v⃗ ·∇)ω⃗= (ω⃗ ·∇) v⃗ − ω⃗ (∇· v⃗ )+ m⃗ (3.35)

The left-hand of this equation is seen to be the convective derivative, and the first two

terms on the right-hand side describe the effect of stretching and compression respec-

tively, and depend only on the gradients of the fluid velocity, not the gradients of the vortic-

ity. The stretching term (ω⃗·∇) v⃗ is often re-written as Si j ω j (using the Einstein summation

convention) where Si j is the strain-rate tensor

Si j =
1

2

�
∂ vi

∂ x j
+
∂ v j

∂ xi

�
. (3.36)

Including the magnetic field contribution, the expression for the baroclinic vector m⃗ is

given by

m⃗ =
1

ρ2

�∇ρ×∇ �Pth+Pmag

��
+

1

ρ
∇×
�
(b⃗ ·∇) b⃗
ρ

�
. (3.37)

The presence of the magnetic field in the baroclinic vector indicates that the magnetic

field affects the vorticity, and we note that the baroclinic vector depends upon the deriva-

tive of the magnetic field. Thus the greater the amount of structure in the magnetic field

the greater its contribution to the baroclinic vector. We do not require that the magnetic

field dominate the pressure: it is possible that even in places where 1/β is small, the con-
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tribution of the magnetic field to the baroclinic vector could be significant if the gradients

of the field are large.

As with the magnetic field, one can derive from equation (3.34) and equation (3.1) that

the ratio ω⃗/ρ evolves according to

∂

∂ t

�
ω⃗

ρ

�
+ (v⃗ ·∇)
�
ω⃗

ρ

�
−
�
ω⃗

ρ
·∇
�

v⃗ =
m⃗

ρ
. (3.38)

Again, the left hand side of this equation defines the fluid derivative of ω⃗/ρ, the interpre-

tation of which is the same as that of the combination b⃗ /ρ. In the absence of a magnetic

field and when the fluid is barotropic, the baroclinic vector vanishes and ω⃗/ρ remains

fixed between any two fluid elements connected along a vortex line. However, in the pres-

ence of a magnetic field, it is possible for the right-hand side to be non-zero even if the

fluid is barotropic.

In Figures 3.18 and 3.19 we show maps of the baroclinic vector at various snapshots

through the three s15 and three s20 simulations respectively, which the reader should com-

pare with the maps of the entropy in Figures 3.2 and 3.3, the maps of 1/β in Figures 3.6 and

3.7, and the rate of work maps in figures 3.10 through 3.13. At tpb ∼ 100 ms there is little

difference between the Control and T10 simulations, but the gain region of the T12 simu-

lations at these times has a noticeably stronger baroclinic vector. As time progresses the

baroclinic vector in the Control and T10 simulations is largest around the downflows This

similarity begins to disappear after tpb ≳ 150 ms where the baroclinic vector in the s20-T12

simulation is now noticeably larger than in the other two simulations over much of the gain

region. By tpb ≳ 190 ms the s20-T10 is now noticeably different from the s20-Control; the

baroclinic vector is largest near the shock and at the inner edge of the gain region. At the

end of the simulations greater than 50% of the area of the gain region shown in the slices

of the s20-T10 and s20-T12 simulations is seen to be filled with a large baroclinic vector.

It has previously been suggested that the similarity of the equations (3.26) and (3.38)

for the magnetic field and vorticity might indicate they evolve similarly. In the simulations

by [33] the authors found the distribution of the angle between the vorticity and the mag-

netic field had two peaks at zero and π supporting this conjecture - see also [31]. In Figure

3.20 we show the results from our investigation of whether the magnetic field and vortic-

ity align in our simulations in the gain region as a function of post-bounce time. The black

horizontal line in the figure is the uniform distribution that one would expect if the two vec-

tors were random and uncorrelated. The results indicate there is only a slight preference

for alignment and anti-alignment of the vorticity and magnetic fields when considered
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Table 3.2: The correlation coefficient r between the specific TKE and the enstrophy at
various snapshot times.

s15-Control s15-T10 s15-T12 s20-Control s20-T10 s20-T12
tpb r tpb r tpb r tpb r tpb r tpb r

(ms) (-) (ms) (-) (ms) (-) (ms) (-) (ms) (-) (ms) (-)
99.9 0.382 100.0 0.441 98.7 0.395 152.4 0.404 150.8 0.329 148.0 0.185

149.9 0.429 150.3 0.352 149.0 0.434 195.4 0.556 193.5 0.425 190.8 0.551
192.8 0.558 195.4 0.512 183.4 0.602 216.1 0.595 277.0 0.593 224.0 0.566

over the entire gain region in all our simulations. That the vorticity and magnetic field are

not correlated for the T12 simulations after tpb ≈ 125 ms is perhaps not surprising given

that the field reaches some sort of equilibrium with the fluid, as seen in Figure 3.5. That

there is also no strong alignment at tpb ≈ 100 ms in the T12 simulations, and at any time in

the T10 simulations, is more informative that the vorticity and magnetic field do not grow

together. We suspect the neutrino heating and convection - something not present in [33]

- breaks the connection.

3.6.1 The Enstrophy

Related to the vorticity is the enstrophy εω, defined to be εω = (ω⃗·ω⃗)/2. In Figures 3.21 and

3.22 we show 2D slices of the enstrophy at various snapshot times for the three s15 simu-

lations and three s20 simulations respectively. The reader will observe that these maps

closely resemble the maps of the specific TKE shown in Figures 3.15 and 3.16 with regions

of little enstrophy corresponding to the upflows. Indeed, in [38] we used the good visual

agreement between the specific TKE and enstrophy to argue that the LSA method for com-

puting the TKE was a good one. Note that the distribution of the enstrophy in the gain

region of our simulations is quite different than the distribution of vorticity seen in the

simulations of [32], although the reader should be aware that those simulations did not

include neutrino heating and that a SASI was present.

We can go beyond a visual comparison and compute the correlation between the en-

strophy and specific TKE. The correlation coefficient between the specific TKE and enstro-

phy in the gain regions at various snapshot times for all simulations is shown in table (3.2).

The table shows that the correlation grows over time with and can become as strong as 0.6

at late times and thus enstrophy is a good, but not perfect, proxy for the turbulence.

If so, we should expect that the growth of the magnetic field energy should also lead
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to a decrease in the integrated enstrophy over the gain region. In Figure 3.23 we show the

ratio of the integral ofρεω over the gain region to the integrated kinetic energy of the gain

region for all six simulations. We include the additional factor of the density in the enstro-

phy integral in order to compensate for the smaller size of the region close to the inner

boundary of the gain region. The figure shows that for both the s15 and s20 progenitors,

the Control and T10 simulations have ratios which are very similar until tpb ≈ 200 ms. In

contrast the T12 simulations have a ratio which is smaller by ∼ 30% relative to the other

two simulations with the same progenitor. Thus the magnetic field appears to have the

effect of reducing the net enstrophy in the gain region.

In addition to the energy exchange, the field has a back-reaction upon the vorticity/enstrophy

of the fluid via the presence of the magnetic field in the baroclinic vector. We can derive

that enstrophy is transported according to the equation

∂ εω
∂ t
+∇· S⃗ω = −v⃗ · [(∇× ω⃗)× ω⃗] + ω⃗ · m⃗ (3.39)

= v⃗ ·∇εω− v⃗ · (ω⃗ ·∇)ω⃗+ ω⃗ · m⃗ (3.40)

where S⃗ω = v⃗ (ω⃗ · ω⃗)− ω⃗ (v⃗ · ω⃗) plays the same role as S⃗mag, i.e. it is the enstrophy flux. The

two terms on the right hand side of equation (3.39) are the sources/sinks of enstrophy. As

with the magnetic field, if the vorticity is parallel or anti-parallel to the velocity then the

first term, v⃗ · ((∇× ω⃗)× ω⃗), is zero. The second term, ω⃗ ·m⃗ , is unaffected by the relative ori-

entation of the velocity and vorticity. Equation (3.40) uses a vector identity to separate the

rate of enstrophy change due to the fluid motion into two parts which can be interpreted,

as with equation (3.29) for the transport of magnetic field energy density, as being the rate

of enstrophy change due to the rotational and irrotaional components of the vorticity. In

Figures 3.24 through 3.27 we show snapshots of the two enstrophy source terms and the

sum for the four simulations with magnetic field. Comparing with the maps of 1/β in Fig-

ures 3.6 and 3.7, we see that the enstrophy is predominantly created/destroyed where 1/β

is largest, which is around the edges of the downflows. What is also seen in the sets of fig-

ures is that the maps of the source term −v⃗ · ((∇× ω⃗)× ω⃗) possess parallel ribbons where

the source on one side of the ribbon is positive, i.e. it generates enstrophy, and the adja-

cent side destroys it. These features are similar to those seen in the magnetic field - fluid

energy exchange maps in Figures 3.10 through 3.13.

Looking more closely at the two T10 cases, the reader will observe there is the signifi-

cant difference in the size of the two source terms at tp b ≈ 100 ms: the −v⃗ · ((∇× ω⃗)× ω⃗)
dwarfs ω⃗ · m⃗ Of the two source of enstrophy, the contribution from the baroclinic vector
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is much smaller than the contribution from the fluid stretching and compression. As time

progresses, the growth of the magnetic field means the baroclinic vector grows rapidly - as

seen in Figures 3.18 and 3.19 - but, at tp b ≈ 150 ms, it is still the case that fluid stretching

and compression dominates. Only by tp b ≈ 200 ms are the two contributions to the en-

strophy within an order of magnitude of each other. The picture changes for the two T12

simulation as shown in Figure 3.25 and 3.27 where the two enstrophy sources are similar

in size at every snapshot shown.

3.7 Conclusions and Discussion

The magnetic field, the turbulence and the vorticity/enstrophy in a core-collapse super-

nova are interlinked, as demonstrated in equations (3.28), (3.31), and (3.34) - (3.40). To

explore the connection between these quantities we have undertaken six 3D magnetohy-

drodynamic simulations using two progenitors and three different initial magnetic field

strengths. Our main findings are the following.

• The results of our simulations indicate the magnetic field energy relative to the fluid

kinetic energy in the gain region grows exponentially over time until it reaches a

quasi-stationary value in the range of 5−10%. For the two T12 simulations this equi-

librium is reached well before the shock is revived, in the two T10 simulations the

equilibrium is reached well after the shock revival. The field energy does not appear

to greatly affect the dynamics of the supernova or the shock revival time.

• The structure of the field quickly becomes a tangled mass of flux ropes. We find iso-

lated pockets of fluid where the field pressure equals, and even exceeds, the thermal

pressure. The field does not have an large mean field but is, instead, dominated by

its turbulent component.

• The energy exchanged between the fluid and field occurs predominantly around the

inner boundary of the gain region in long, narrow ribbons of adjacent loss and gain.

The constant energy exchange between field and fluid makes it challenging to iden-

tify where exactly the net energy flow into the field occurs. We note that the energy

exchange does not occur only in the vicinity of the turbulence as identified using the

Local-Spatial Average method.

• The highly-tangled field structure means the field is the dominant contribution to

the baroclinic vector, the source of fluid vorticity. In the simulations with a magnetic

127



field, the baroclinic vector is large over a much greater volume of the gain region

compared to the simulations without a field. The vorticity/enstrophy in the fluid is

concentrated around the downflows that thread the gain region. We confirm that the

enstrophy and turbulent kinetic energy show good, but not perfect, correlation over

the gain region allowing enstrophy to be used as a proxy for the turbulence.

• Although governed by very similar transport/evolution equations to the magnetic

field, the fluid vorticity and magnetic field are always close to being randomly aligned.

• We find that the integral of the fluid density times the enstrophy over the gain region

decreases relative to the total kinetic energy in the gain region in simulations with

magnetic fields.

Our findings are similar to previous studies. [18] also saw that the magnetic field energy

density was only a few percent of kinetic equipartition in their simulations and did not

greatly affect the shock revival time. Our results can also be compared with [33] and [34],

although these are not of a supernova because their simulations did not include neutrino

heating and thus do not explode. Nevertheless, [33] also find the magnetic field does not

noticeably change the dynamics of the simulations. We also similarly find that in the gain

region the turbulent kinetic energy is only ∼ 25% of the total kinetic energy (although this

value is dependent upon the non-physical parameter choices made in the methods used

to calculate the TKE), and also find the magnetic field is highly structured with localized

pockets of high magnetic field energy. However we do not find that the magnetic field and

vorticity are preferentially aligned or anti-aligned indicating that something in our simu-

lations - presumably the neutrino heating / convection - breaks the connection.

In summary, the magnetic field, turbulence and vorticity/enstrophy exhibit a dynamic

interaction in the gain region of a core-collapse supernova. Exactly how the field is am-

plified is unclear, although ultimately the energy in the field comes at the expense of the

fluid’s kinetic plus internal energy. As net field energy in the gain region is growing, locally

there is a constant energy exchange back-and-forth that we expect is due to a combination

of Alfven, magneto-acoustic, and gravity waves, which we plan to explore in future work.
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3.9 Appendix: The Growth of the Magnetic Field During Col-

lapse

A magnetic field inserted into a mass distribution is distorted as the distribution collapses

due to gravity. In the case of pure freefall of a spherically symmetric density profile (i.e.

without rotation), we can analytically solve for the evolution of the field in the weak field

limit.

Consider a test point mass initially at radius r0 within a mass distribution given by the

function ρ(r ). The mass enclosed within r0 is M0 and as the mass distribution collapses,

the mass enclosed within the sphere given by the radial position r of the test mass remains

a constant.

If the test mass is initially at rest, we find from the conservation of energy that the ve-

locity of the point mass when it is at a radius r is

v =
d r

d t
=−
√√2G M0

r0

√√ r0− r

r
. (3.41)

Integrating the equation gives the amount of time taken for the point mass to fall from r0

to r as

t =

√√√ r 3
0

2G M0

�√√ r

r0

�
1− r

r0

�
+ cos−1

�√√ r

r0

��
(3.42)

This well-known result is commonly used to obtain r (t ) for a given r0, but it can also be

interpreted as the equation which gives r (r0) at a given t .

Now we consider a cubic segment of the mass distribution - a mass element - defined

by the eight vertices which form the corners of the element. The inner four vertices lie

on a sphere of radius r0 and the outer four a radius r0+d r0. The outer vertices are aligned

radially with one of the inner vertices. The volume of the mass distribution enclosed by the

vertices is d V = r 2
0 d r0 dΩ0 and the density within it is ρ0. As the element falls inward the

solid angle dΩ0 does not change. By differentiating equation (3.42) with respect to r0 (not

forgetting that M0 is a function of r0) we find that at a given time t , the radial separation

between the inner vertices and the outer vertices of the mass element changes as

d r

d r0
=

r

r0
− 3 v t

2 r0

�
1− 4πρ0 r 3

0

3 M0

�
(3.43)

with v given by equation (3.41) and t given by equation (3.42). The second term in the
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square brackets on the right hand side of equation (3.43) is seen to be the ratio of the mass

within a sphere of radius r0 with constant densityρ0, and the actual mass within the sphere

M0 that caused the element to fall. If the initial mass distribution were indeed uniform

with a value of ρ0, this ratio would be unity and so d r /d r0 = r /r0 i.e. the mass element

is compressed as it falls. However if the ratio is less than unity, the second (v t ) term on

the right hand side of equation (3.43) is positive (the velocity is negative) which alters the

evolution of d r /d r0. Indeed, in a ‘typical’ supernova progenitor profileρ falls rapidly with

the radius r allowing us to neglect the mass ratio term in equation (3.43). In this limit we

find that once the mass element has fallen so that r � r0, the ratio d r /d r0 approaches

d r /d r0∝pr0/r . This is not a compression but rather a stretch: d r /d r0 > 1.

In figure (3.28) we show the evolution of r and stretch factor d r /d r0 as a function of

time for mass elements with an initial density profile given by

ρ =ρ⋆

�
r⋆

r + r⋆

�3
(3.44)

with ρ⋆ = 1012 g/cm3 and r⋆ = 100 km. Figure (3.28) indicates that the compression is only

noticeable for the innermost mass elements because the density profile approaches a con-

stant at small r which causes the v t term in equation (3.43) to become small. Outside the

core region, d r /d r0 ≈ 1 for a mass element initially but eventually d r /d r0 grows as ex-

pected.

Now that we know how the dimensions of the mass element change with time, we can

determine the evolution of the magnetic field. From the conservation of flux through the

faces of a mass element, we find, the radial component of the magnetic field br and the

transverse components, bθ ,ϕ , evolve as

br (r ) = br (r0)
� r0

r

�2
(3.45)

bθ ,ϕ(r ) = bθ ,ϕ(r0)
�

r0

r

d r0

d r

�
(3.46)

These equations show the radial component grows as br ∝ 1/r 2 as the element falls. The

transverse components also grow: for elements in the core region they also grow initially

as as 1/r 2 when d r /d r0 ≈ r /r0, but for mass elements that were outside the core region the

growth is initially only as 1/r because d r /d r0 is approximately constant. As they pick up

speed d r /d r0∝ 1/
p

r so the transverse components of the field through elements that

start outside the core grow more slowly as bθ ,ϕ∝ 1/
p

r . Thus, if the initial field through
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the outer mass elements has both radial and transverse components, the field through the

element will become increasingly dominated by the radial field as it falls.

We show this evolution in figure (3.29). We set up a spherical grid of mass elements

inside the density profile given by equation (3.44). On each face of the elements we set a

component of the magnetic field normal to the face. The component is the projection onto

the normal of a vector with fixed magnitude but random direction. We then allow the mass

distribution to collapse and evolve the component of the magnetic field on each face of the

elements so as to conserve the flux. At every snapshot in time we reconstruct the field at

the center of the mass element as the average of the components on the six faces. The left

panel of figure (3.29) shows the components of the unit vector of this reconstructed field

in the xy plane at t = 0; the right panel shows the same at t = 50 ms. As the reader will

observe, initially the field points in random directions and elements towards the top-right

remain somewhat randomly oriented at t = 50 ms because they have not fallen far, but

elements which started closer to the center have fallen farther (i.e. they are now towards

the bottom-left) and they are clearly preferentially radially aligned.
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Figure 3.9: The mean field (left) and turbulent field (right) for the s15-T10 simulation at
tpb = 98.7 ms.

Figure 3.10: The rate of work done on the fluid due to gravity (left column), fluid pressure
(second column), the magnetic field (third column) and the sum (fourth column) for the
s15-T10 simulation at the post-bounce times of ∼ 100 ms (first row), ∼ 150 ms (second
row), and ∼ 195 ms (third row).
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Figure 3.11: The rate of work done on the fluid due to gravity (left column), fluid pressure
(second column), the magnetic field (third column) and the sum (fourth column) for the
s15-T12 simulation at the post-bounce times of ∼ 100 ms (first row), ∼ 150 ms (second
row), and ∼ 195 ms (third row).
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Figure 3.12: The rate of work done on the fluid due to gravity (left column), fluid pressure
(second column), the magnetic field (third column) and the sum (fourth column) for the
s20-T10 simulation at the post-bounce times of ∼ 100 ms (first row), ∼ 150 ms (second
row), and ∼ 195 ms (third row)., and at the final time (fourth row)
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Figure 3.13: The rate of work done on the fluid due to gravity (left column), fluid pressure
(second column), the magnetic field (third column) and the sum (fourth column) for the
s20-T12 simulation at the post-bounce times of ∼ 100 ms (first row), ∼ 150 ms (second
row), and ∼ 195 ms (third row)., and at the final time (fourth row)
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Figure 3.14: The angle between the fluid velocity and magnetic field within the gain re-
gion at the sanpshot times for the s15-T12 simulation
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Figure 3.15: The specific TKE for the s15-Control (left), s15-T10 (middle), and s15-T12
(right) simulations at the post-bounce times of ∼ 100 ms (first row), ∼ 150 ms (second
row), and at final time for each simulation (third row).
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Figure 3.16: The specific TKE for the s20-Control (left), s20-T10 (middle), and s20-T12
(right) simulations at the post-bounce times of ∼ 102 ms (first row), ∼ 150 ms (second
row), ∼ 193 ms (third row), and at final time for each simulation (last row).
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Figure 3.17: The ratio of integrated turbulent kinetic energy to kinetic energy in the gain
region for all simulations.
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Figure 3.18: The magnitude of the baroclinic vector [1/s 2] at different post-bounce times
for the s15-Control (left), s15-T10 (middle), and s15-T12 (right) simulations.
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Figure 3.19: The magnitude of the baroclinic vector [1/s 2] at different post-bounce times
for the s20-Control (left), s20-T10 (middle), and s20-T12 (right) simulations.
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Figure 3.20: Distribution of cosθ between B⃗ and ω⃗ for the post bounce times shown in
the other figures. Blue data represent earlier tpb and red data represent later tpb. The black
horizontal line represents a uniform distribution.
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Figure 3.21: The enstrophy for the s15-Control (left), s15-T10 (middle), and s15-T12
(right) simulations at the post-bounce times of ∼ 100 ms (first row), ∼ 150 ms (second
row), and at final time for each simulation (third row).
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Figure 3.22: The enstrophy for the s20-Control (left), s20-T10 (middle), and s20-T12
(right) simulations at the post-bounce times of ∼ 102 ms (first row), ∼ 150 ms (second
row), ∼ 193 ms (third row), and at final time for each simulation (last row).
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Figure 3.23: The ratio of the enstrophy to the kinetic energy, integrated over the gain re-
gion

Figure 3.24: The enstrophy source terms from the right hand side of equation (3.39) for
the s15-T10 simulation at the post-bounce times of∼ 100 ms (first row),∼ 150 ms (second
row), and at ∼ 200 ms for each simulation (third row).
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Figure 3.25: The enstrophy source terms from the right hand side of equation (3.39) for
the s15-T12 simulation at the post-bounce times of∼ 100 ms (first row),∼ 150 ms (second
row), and at ∼ 200 ms for each simulation (third row).
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Figure 3.26: The enstrophy source terms from the right hand side of equation (3.39) for
the s20-T10 simulation at the post-bounce times of∼ 100 ms (first row),∼ 150 ms (second
row), and at ∼ 200 ms for each simulation (third row).
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Figure 3.27: The enstrophy source terms from the right hand side of equation (3.39) for
the s20-T12 simulation at the post-bounce times of∼ 100 ms (first row),∼ 150 ms (second
row), and at ∼ 200 ms for each simulation (third row).
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Figure 3.28: The radial coordinate r of mass elements (left panel) and stretch factor
d r /d r0 (right panel) as a function of time t given the density profile in equation (3.44).
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Figure 3.29: The ’xy’ component of the magnetic field unit vectors for a grid of collapsing
mass elements. The left panel shows the unit vectors at t = 0, the right panel at t = 50 ms.
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4.1 Abstract

While core-collapse supernovae (CCSNe) are highly dynamical and complex events, the

greatest influence upon the outcome is the structure of the star at the point where it be-

gins to collapse. In stellar evolution, however, there are many uncertain quantities that

dictate the properties of a star beginning the process of core-collapse. The mass loss treat-

ment and the convective overshooting of stars during their lifetime affect the thermal and

chemical properties of star’s core when the collapse begins. Different mass loss and over-

shooting treatments will change the carbon/oxygen core mass and compactness param-

eter ξM , which are frequently used as measures for the properties of the subsequent su-

pernova. In this paper we explore the impacts of changing the mass loss and overshooting

treatments upon the stellar structure of the star and explore how they affect the outcome of

the simulations. We use MESA to evolve a set of stars through to the end of their lives and

then AGILE-IDSA with PUSH to simulate the explosion. We find that an increased wind

efficiency correlates moderately negatively with the ejecta mass due to a reduced hydro-

gen envelope mass at the start of core-collapse. Further, we also find that applying the

convective overshooting treatments at more radiative/convective boundaries within the

star can result in a greater iron core mass through extension of the burning phases, which

ultimately results in a greater neutrino luminosity.

4.2 Introduction

Stars whose zero-age main sequence (ZAMS) masses are in excess of ∼ 8− 10 M� will un-

dergo core-collapse in the final stage of their evolution [1, 2, 3]. This collapse has the poten-

tial to result in one of the most energetic events in the universe, a core-collapse supernova

(CCSN). These events provide us the opportunity to understand physics at temperatures

and pressures unlike anything on Earth and can hold the answer to questions about nucle-

osynthesis, compact object formation, and neutrino properties. A portion of these events

are unsuccessful in explosion and instead collapse to form a black hole.

The structure of a star at pre-supernova stages depends on the entire lifetime of that

star [4]. The specifics of what features of the star determines its likelihood to explode is an

area of active research and remains to be fully answered. One widely adopted measure of
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the progenitor is the compactness [5], defined to be:

ξM =
M /M�

R/1000 km
. (4.1)

Compactness is useful because it has been shown to correlate with supernova success [6, 7,

5, 8] and relate to the explosion energy and remnant mass of supernovae [9, 10, 11]. Several

studies have now demonstrated that the compactness of a star at collapse is sensitive to

different treatments of physics within stellar evolution models [12, 13]. [12] points out that

due to the complicated and ill-constrained nature of stellar modeling, different groups will

"universally" obtain different results for pre-supernova models of the same ZAMS mass.

While there are many aspects of stellar evolution that we can focus upon, the two that

interest us most in this paper are the mass loss and the convective overshooting. Mass

loss due to stellar winds is poorly understood [14, 15]. Various prescriptions have been

put forward to describe the effects of mass-loss in stellar models [16, 17, 18, 19]. The most

pertinent of these studies is that by [15]who showed that the choice of algorithm for the the

mass loss rate can greatly impact the value of ξ2.5 at collapse for an array of stellar models.

Similarly, how to best treat convective overshooting in stellar evolution codes is an-

other area of uncertainty. In the mixing length theory used to model convection in stars,

buoyant bubbles that are unstable to convection travel upward through the convective

zone and stop at radiative boundaries [20]. As it approaches the interface between a con-

vective and radiative zone, the bubble is traveling with nonzero momentum. The bubble

will penetrate some distance into the radiative zone and thus overshoots the boundary.

This phenomenon is named convective overshooting. Since there are no observational

constraints on the process, it is not well understood to what degree overshooting occurs

and how best to describe it. The prevailing model for the treatment of convective over-

shooting is known as "step" overshooting where the code will use a constant diffusion co-

efficient for the mixing across the radiative/convective boundary. Convective overshoot-

ing has been studied in the context of stars on the main sequence [21, 22], but few works

outside [23] have systematically studied the effects of the convective overshooting treat-

ment on CCSNe, and none have yet to explore how varying the treatment beyond step

overshooting affects CCSNe. [24] have developed a different, exponentially diffusive over-

shoot model for the diffusion coefficient. This model contains a free parameter fo v which

is not strongly constrained by observation. However it is treated, the amount by which the

convection overshoots the boundary of convective stability impacts the nuclear burning

throughout the star’s life and thus the size of various layers of the CCSN progenitor and
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their chemical composition [25, 23]. [12] have found that the compactness ξ2.5 is depen-

dent on the mass of the CO core.

These previous studies demonstrate that the stellar evolution plays a critical role in the

determination of compactness. This present paper aims to build on these investigations

and to further understand the supernova parameter space. In this work we use 29 pre-

supernova models from [26] to investigate how the effects of convective overshooting and

mass-loss rates impact supernova explosions in the PUSH framework [27].

The remainder of the paper is organized as follows. In section §4.3 we describe the

progenitor models, the treatment of mass-loss rates and convective overshooting, and the

details of the supernova code. Section §4.4 presents the results of the supernova simula-

tions and highlights the relationships between the stellar modeling and the resultant su-

pernovae. Section §4.5 summarizes our findings.

4.3 Progenitor Models and Simulation Setup

4.3.1 Progenitor models

In this work, we model a suite of collapsing red supergiant progenitors of ZAMS masses

{12,15,18,20,25}M� constructed by [26] through core-collapse and explosion. These mod-

els have been evolved using the Modules for Experiments in Stellar Astrophysics (MESA)

[28], an open-source 1D stellar evolution code, until the infall velocity reaches∼1000 km/s.

Since studies by [29] and [30] have shown that the size of the nuclear network used in the

stellar evolution codes can also lead to change sin the structure of the star, all of these mod-

els are evolved using a 206-isotope nuclear network. The models all have solar metallicity

and are non-rotating. The models are varied across two axes; the stellar wind efficiency

parameter η in the mass loss scheme, and the treatment of the convective overshooting,

labeled either “all-bounds” or “core-only”.

The mass loss efficiency is controlled by a dimensionless parameter η [17, 31]. The

exact equations are detailed and so we do not reproduce them here; the essence of them

is that as η increases, the star loses mass more efficiently.

The overshooting prescription we adopt in MESA uses either a step or an exponential

function for the diffusion coefficient D (r ) that is used to model the mixing at the boundary.

The step case has a constant mixing efficiency D0 applied over a distance of the pressure
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scale height across the boundary, while the exponential mixing is of the form

D (r ) =D0 exp

�−2(r − r0)
fovHp ,0

�
, (4.2)

where D0 is the convective mixing efficiency at the radiative/convective interface, r0 is the

radial position of the convective/radiative boundary, r is the radial position within the star,

Hp ,0 is the pressure scale height, and fov is a free parameter. The names “All-bounds” and

“Core-only” that we adopt to describe the models refer to the placement and interfaces

where we apply the convective overshooting treatment. For both, the convective/radiative

boundaries within the hydrogen layer are handled with a step function. For the “core-only"

models, the exponential mixing efficiency in equation (4.2) is only applied at the convec-

tive/radiative boundaries within the helium layer, while all other boundaries are treated as

the basic step function. In “all-bounds" models, the exponential mixing efficiency prescrip-

tion is applied to all convective/radiative boundaries throughout the star, save for those in

the hydrogen layer and at the boundary of the He/CO layers. The specifics of these treat-

ments and the selected parameters in this implementation of MESA are laid out in detail

in [26].

The variation of these parameters has resulted in a grid of 12 progenitors for use in

this work. The differences in the treatments of mass loss and convective overshooting have

resulted in significant differences in the properties of the pre-supernova models. Figure 4.1

shows the density profiles of the progenitors for each initial ZAMS mass using each value

of η and treatment of convective overshooting, color coded by the compactness at 2.0 M�
measured at the time of collapse. While the inner cores of the stars, up to M ≲ 1 M� do not

show much difference as we vary the overshooting and mass loss efficiency, the density

profiles exhibit much more sensitivity in the crucial 1 M� ≲M ≲ 2.5 M� range. This is the

material which falls through the shock a few hundred milliseconds after core bounce i.e.

during the stalled shock phase.

It is not solely the density profile of the star that is different between models. Figure 4.2

summarizes the size of the various layers of the star at the point of collapse. To make this fig-

ure, we define the Fe-core mass as being the mass enclosed by the innermost point where

the mass fraction of silicon satisfies XSi < 0.3; the carbon/oxygen core mass is defined as

the mass enclosed beneath XHe ≤ 0.2; the helium core mass is defined as the enclosed mass

beneath XH ≤ 0.2 and above the CO-core, and the hydrogen envelope is defined as all zones

above the helium boundary. Additionally, the bottom panel highlights the silicon/oxygen
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interface, defined as the point at which XSi = XO. From Figure 4.2 it is clear that for a larger

wind efficiency parameter η, unsurprisingly more of the hydrogen envelope is lost during

stellar evolution. More interestingly, the wind efficiency parameter has an impact on the

composition at the core of the star. For models above 12 M�, the data in Figure 4.2 show

that the iron core mass, as well as the location of the silicon/oxygen interface, is affected

by changes to η.

Further, the convective overshooting treatment appears to be moderately impactful on

the core composition. While there appears to be differences in the iron core masses of or-

der ∼ 0.1 M� for all other models, the 25 M� models have a larger difference in the size of

both the CO core and the He shell masses across convective overshooting treatments. Addi-

tionally the silicon/oxygen interface has a dependence on the treatment of the convective

overshooting, except in the case of the 18 M� models with η= 0.8.

Figure 4.3 shows the compactness ξ2.0 of the progenitors in this work calculated at col-

lapse alongside the compactness of the progenitors modeled with the KEPLER code by [1]

(red) and [32] (green). This figure highlights that the compactness of the MESA progeni-

tors generally seem to have a slightly higher compactness than the KEPLER models, yet

there are not enough MESA models to conclusively claim whether the compactness peak

has shifted compared to KEPLER models. Figure 4.3, coupled with the color scale of Fig-

ure 4.1, confirm the idea that the compactness of these models responds to modifications

to the input parameters. In the suite of progenitors, the compactness at 2 M� ranges from

0.14 to 0.71. For a single ZAMS mass this compactness can have a large variance, made

particularly clear in the case of the 15 M� model.

Convective overshooting and the mass-loss rates have very clearly affected the prop-

erties of the progenitor models in this work. The data showcase the unpredictable nature

of the effects of parameter variation in stellar modeling. Density, core composition, and

compactness are three such quantities that have the potential to impact supernova evolu-

tion and have been shown to be sensitive to the treatment of η and the convective over-

shooting within the MESA models. Thus the properties of the progenitors suggest that our

supernova simulations could see effects from the mass loss rates and the convective over-

shooting treatments. The remnant mass is calculated by calculating the energy of each

zone outward from the core at the time of explosion. At the threshold where the total en-

ergy of a zone becomes positive, the matter is unbound gravitationally and will be ejected.

Any mass below this point is gravitationally bound and will ultimately become the rem-

nant neutron star.
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Figure 4.1: The density profile of the progenitor models, color-coded by compactnessξ2.0.

4.3.2 Hydrodynamic Simulations

In this work we implement the AGILE [33] 1D Lagrangian general relativistic hydrodynam-

ics code alongside the Isotropic Diffusion Source Approximation (IDSA) [34] for neutrino

transport and the PUSH method [27, 9] for driving the explosion. This code has been used

extensively in other works [27, 9, 35, 10], so only the relevant details are discussed here.

AGILE solves the general relativistic hydrodynamics equations in spherical symmetry.

It implements an adaptive spatial grid mesh, along with implicit time evolution, to resolve

the extreme gradients of CCSNe. The deleptonization scheme of [36] is applied during col-

lapse. Forνe transport we use IDSA [34] and forνx transport we use the ASL scheme of [37].

For material in NSE, we use the HS(DD2) EOS [38, 39]. AGILE reads in the progenitor model

from the core up to whichever of these criteria is achieved first: density< 10 g/cm3, radius

> 1010 cm, or M > 10 M�. The simulations in this work have been run to 10 seconds post-

bounce, or when the forward shock reaches the outermost zones, whichever occurs first. In

this work we will study the dynamics up to 1 second post-bounce, as all of our simulations

reach explosion prior to this time.

The PUSH method is used in this work to promote the explosion of the 1D models. The

PUSH method artificially introduces a physically-motivated heating term to emulate the
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Figure 4.2: Upper panel: the composition for each of the progenitor models. Yellow repre-
sents the iron core, blue the carbon-oxygen shell, green the helium layer, and red the outer
hydrogen envelope. Lower panel: a zoomed in plot of the composition from 1-2.5 M�. The
black dashed line represents the Silicon/Oxygen interface.

164



Figure 4.3: The compactness of the progenitor models, grouped by values of η and the
convective overshooting treatment. The red and green lines are the compactness of the
solar metallicity models of [1] (s) and [32] (w).

convection and heating effects present in multi-dimensional simulations. PUSH converts

some of the heavy flavor (νx = νµ,ντ,νµ,ντ) neutrino luminosity within the PNS into an

energy source term in the gain region. PUSH is dependent on two free parameters, the

amount of time it takes for PUSH to reach its maximum strength trise and the maximum

strength of the PUSH effect kpush. All other parameters are fixed and calibrated in [27] In this

work, we set trise = 0.4 s and kpush follows the parabolic dependence on the compactness

ξ2.0 calculated at bounce outlined in [9].

4.3.3 Mapping Procedure

Prior to initiating the hydrodynamic code, the stellar structure data from MESA must be

mapped onto AGILEs computational grid. AGILE is configured with 180 zones and em-

ploys a dynamically adaptive mesh to maintain high spatial resolution in regions of physi-

cal interest. Because the MESA profiles contain O (103) grid points, the data must be down-

sampled to AGILEs more compact grid.

During initialization, AGILE reads the progenitor profile and determines the place-

ment of its 180 zones using an implicit finite-difference scheme designed to concentrate

grid points in regions far from hydrostatic equilibrium. One of the criteria used for deter-

mining grid spacing is the logarithmic derivative of the density, d lnρ
d ln r . Although the MESA

profile is generally smooth in its hydrodynamic quantities, the data have large spikes in
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d lnρ
d ln r . These huge gradients prevent AGILE from converging on an acceptable grid distribu-

tion, causing the adaptive mesh to concentrate points on spikes in d lnρ
d ln r .

To address this issue, we implemented a grid-smoothing procedure to ensure that d lnρ
d ln r

does not exceed a specified threshold. The threshold was chosen by computing the max-

imum value of d lnρ
d ln r in a well-behaved KEPLER progenitor. Because the MESA profile is

much more finely resolved than AGILE, the smoothing algorithm selectively merges zones

that violate this threshold. For each grid point, d lnρ
d ln r is calculated; if a zone exceeds the

predetermined threshold, it and the next outward zone are removed. Their mass and hy-

drodynamic quantities are then incorporated into the next outward zone through mass-

weighted interpolation. This procedure is applied across the full radial domain of the pro-

genitor. The algorithm is then iterated on the updated grid until no zone exceeds the thresh-

old value of d lnρ
d ln r . The resulting smoothed profile is then provided to AGILE for its stan-

dard grid-allocation routines. We have confirmed that the application of this algorithm

preserves the total mass of the progenitor models up to 0.03%.

4.4 Results

4.4.1 Explosion properties

Due to difficulties with mapping some of the progenitor models to the initial AGILE grid

only 12 of the 29 progenitors provided have been simulated. For the rest of this work all

results will consider only these models.

Figure 4.4 shows the shock radius of our simulations from core bounce out to 1 sec-

ond post bounce. For all models we see successful shock revival with a high variance in

revival times. Notably, the 20 M� model with η = 0.8 and a core-only treatment has the

longest time to shock revival, taking nearly 400 ms to begin expanding outward. Further,

for identical mass models, variations in values of η impact the shock radius evolution. For

the core-only convective overshooting treatment, the 15 M� models have a wide disper-

sion in shock radii for different values of η. When η= 1.0, the 15 M�model has the earliest

shock revivals, yet when η is reduced to 0.8 for this model the shock radius has one of

the latest revivals. The convective overshooting treatment shows a similar impact on the

shock evolution. Looking again to the 15 M�model with η= 1.0, the all-bounds treatment

has a smaller shock radius when compared to the core-only treatment. These changes ap-

pear to be less drastic than the changes in the shock evolution that result from varying η.

The red star markers in this figure represent the point in time at which the Si/O interface,
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shown in Figure 4.2, crosses the shock, an event often correlated with shock revival due to

the decrease in density [40, 41, 42, 43, 13]. While the majority of our models have an Si/O

interface crossing corresponding to the shock revival, 3 of these models do not see this

interface crossing the shock front until well beyond the shock revitalization. Indeed, for

both of the MZAMS = 15M�models with η= 1.0, the Si/O interface does not cross the shock

for the entirety of the simulation. Instead it appears the shock expansion is driven by an-

other drop in the density that occurs at a smaller mass coordinate. From closer inspection

of the progenitor models, we have identified this feature as being the extent of the core

convective region that formed during silicon core burning. Figure 4.5 shows one such ex-

ample of this in the case of the MZAMS = 15 M�,η= 1.0, core-only model. This figure shows,

from top to bottom, the entropy, density, and mass fractions of the star as functions of the

mass coordinate. The vertical green line represents the Si/O interface and the red verti-

cal line represents the upper end of the iron core. There exist two nominal density drops

near M = 1.5 M�, as seen in the middle panel. These density drops correspond to the s = 4

kB/baryon criterion used to detect the sharp density gradients of the Si/O layer [41], as can

be seen in the top panel of this figure. The bottom panel shows the extended layer of sili-

con and oxygen where they seem to be in a semi-stable ratio. These density drops fall into

the shock prior to the Si/O interface, and thus provide the shock enough of a reduction in

ram pressure to expand outward before the Si/O interface has a chance to contribute.

Another quantity impacted by the stellar modeling is the neutrino luminosity. Figure 4.6

highlights the wide variance in this quantity as a result of changing the stellar evolution

modeling parameters. The change can be large, as in the case of the 20 M� models, where

the νe luminosity varies as much as 30 B/s (where 1 B = 1 Bethe = 1051 erg) for different

values ofη. Models with the all-bounds core overshooting prescription tend to have higher

peak luminosities in all neutrino flavors when compared to their core-only counterparts.

This can be attributed to an increase in the mass of the iron core in the progenitor. The in-

creased mixing within the star via the all-bounds treatment effectively increases the size of

the convective cores of the progenitor models, which in turn extends the burning phases

during stellar evolution. In addition to the increased burning time, the extended convec-

tion dredges up heavy iron-group nuclei away from the core, allowing for more iron-group

nuclei to be generated prior to core collapse. The combination of these two effects can re-

sult in a larger iron core mass, which in turn produces more neutrinos during collapse and

explosion [42]. This agrees with [23]who find heavier iron core masses as they increase the

strength of their convective overshooting prescription for progenitors in the same ZAMS

mass range as the progenitors in our work.
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Figure 4.4: Shock radius over time for the 12 simulations. The red stars represent the
time the Si/O interface falls beneath the shock. Filled markers represent the core-only
treatment of convective overshooting, while empty markers represent the all-bounds treat-
ment.

Figure 4.5: Selected data shown from the MZAMS = 15 M�, η = 1.0, core only model as
a function of mass coordinate. The red vertical line is the iron core mass, and the green
vertical line is the Si/O interface. Top: entropy, middle: density, bottom: mass fractions.
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Figure 4.6: Neutrino luminosity, smoothed over a 15 ms window. Colored by progenitor
iron core masses. Filled markers represent the core-only treatment of convective over-
shooting, while empty markers represent the all-bounds treatment.

4.4.2 Correlations

Figure 4.7 shows correlation plots of our stellar evolution parameters with our predicted

supernova properties. For this plot and all plots in this section, the r-value shown is the

Pearson correlation coefficient. From top to bottom the plots show the explosion energy,

remnant mass, ejecta mass, explosion time, and compactness at bounce against the ZAMS

mass, wind efficiency parameter η, and compactness ξ2.0 at bounce.

The first column plots the correlation of MZAMS of our progenitor models with our su-

pernova properties. We achieve explosion energies in the range of 0.69 B - 1.46 B across

all of our models. There is a moderate negative correlation between MZAMS and the final

explosion energy of the supernova. This finding is consistent with trends seen in the s and

w series models [9, 10, 11] in this range of ZAMS masses. The ejecta mass is also weakly

correlated with the ZAMS mass in these models. The trend in the data suggests that it may

be more strongly correlated if not for what appears to be an outlier at MZAMS = 25 M�. The

positive correlation can be explained purely from a mass conservation standpoint. Stars

with a larger ZAMS mass generally start their collapse phase with a larger starting mass, as

Figure 4.2 shows. The ejecta mass is only dependent upon the initial mass of the collaps-

ing progenitor and the remnant mass. Because the remnant mass is not correlated with the

ZAMS mass (seen in the second row of this figure) then we can conclude that the moderate

correlation of ZAMS mass to ejecta mass is tied to the relationship between a star’s mass at
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Figure 4.7: Left column: versus ZAMS mass. Middle column: versus η. Right column:
versus compactness. Top: explosion energy. Second: remnant mass. Third: ejecta mass.
Fourth: Explosion time. Bottom: Compactness. Note: some offsets have been introduced
to the values of MZAMS and η in the left and central columns to make all data points visible.
These offsets are not reflected in the r-values.
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Figure 4.8: Correlations of the CO core mass with the explosion energy (left) and explo-
sion time (right). Note that for both treatments of the convective overshooting in the 15M
η= 1.0 models, they have nearly identical CO core masses and explosion energies. This is
denoted by the enlarged point on the left panel of this plot.

Figure 4.9: Correlations of the CO core mass with the ZAMS mass. Note: small offsets have
been introduced to the values of MZAMS to make all data points visible. These offsets are
not reflected in the r-value.
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Figure 4.10: Left: the correlation of the ratio of the CO core mass to the ZAMS mass with
the explosion energy. Right: The correlation of ZAMS mass to the CO core mass. Note that
for both treatments of the convective overshooting in the 15 M�,η= 1.0 models, they have
nearly identical CO core masses and explosion energies. This is denoted by the enlarged
point on the left panel of this plot.

the onset of collapse and its ZAMS mass. The relationship between ZAMS mass and ejecta

mass is not more strongly correlated due to the effects of the mass-loss rate. Some models

in Figure 4.2 with high values of η for a given ZAMS mass actually have less mass remain-

ing at collapse than those of a lesser ZAMS mass with a weaker wind efficiency parameter.

We find that compactness, explosion time, and remnant mass are all uncorrelated with the

ZAMS mass.

The middle column displays the correlations of η with the remnant properties. The

only relationship of note is the negative correlation that appears between values of η and

ejecta mass. For a larger wind efficiency parameter, the mass ejected from a supernova is re-

duced in our models. This is consistent with our earlier finding that an increased wind effi-

ciency parameter in the mass loss prescription of these models reduces the overall mass of

the hydrogen envelope, which in turn reduces the amount of material that can be ejected

from the supernova. Because the remnant mass is uncorrelated with η, then it must be

that the effects on the progenitor mass by η at time of collapse are influencing the ejecta

mass. Outside of the ejecta mass, there is no correlation between η and any of the other

supernova properties shown.

Both ZAMS mass andηare not strong indicators of supernova outcomes with the strongest

correlation either of them has is |r |< 0.6. The final column of Figure 4.7 shows the correla-

tions with compactness and demonstrate the strongest correlations in the data. The com-

pactness of a progenitor is directly correlated with the remnant mass. For a higher value

of ξ2.0 at bounce a higher mass neutron star remnant will remain after the explosion. Fur-
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ther there is no indication that the convective overshooting treatment has impacted the

remnant mass. The explosion time in these models also has a strong dependence on the

compactness. This correlation is caused by the parabolic calibration of PUSH. For larger

sample sizes, one expects a parabolic trend when more values of ξ2.0 are included in the

data (see Figure 4 in [11]).

Figure 4.8 is a plot of the correlation between the mass of the CO core (MC O ) and two of

the properties of the resultant supernovae, explosion energy and explosion time. In the left

panel there is a moderate negative correlation between the CO core mass and the explo-

sion energy of the supernova. This correlation closely tracks the correlation seen between

the ZAMS mass and the explosion energy of Figure 4.7. The r values for both of these cor-

relations are within 0.011 of one another. Indeed we find almost a perfect 1-to-1 corre-

lation between the ZAMS mass and the CO core mass for our data, shown in Figure 4.9,

indicating that the correlation of the MC O with explosion energy stems from the relation-

ship of the explosion energy to the ZAMS mass. This finding of a linear relationship is in

good agreement with results for non-rotating, solar-metallicity progenitors of comparable

ZAMS mass [44, 45, 46].

However, in Figure 4.10 we control for the dependence of the CO core mass on the

ZAMS mass by looking at the fraction of ZAMS mass the CO core mass represents. When

controlling for this, a moderate negative correlation of r =−0.615 is still present in our data,

as seen in the left panel. This finding indicates that the mass of the CO core is a potential

indicator of the explosion energy independent of its ZAMS mass. Further, this correlation

with explosion energy contrasts starkly to the lack of correlation we see between compact-

ness and explosion energy in Figure 4.7. [9] have indicated that the progenitor CO core

mass can be a predictor of some explosion properties, and can be used to gain informa-

tion where the compactness is unable to make predictions, consistent with what we see

here. For our models, a correlation does not appear in the explosion time when accounting

for the ZAMS mass. In fact, the ZAMS mass and the MC O/MZAMS ratio are similarly uncor-

related with the explosion time.

4.5 Summary and Conclusions

In this paper we have simulated the collapse and explosion of 12 of the nonrotating stel-

lar progenitors of [26] for different values of ZAMS mass, the wind efficiency parameter,

and different treatments of convective overshooting. We explode models with MZAMS =
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12,15, 18, 20, and 25 M� and η = 0.2, 0.4, 0.8, 1.0 for two treatments of the convective over-

shooting, and compute the properties of the corresponding supernova explosion and rem-

nant.

The main results of this study are:

1. We find that the neutrino luminosities of the simulations correspond to the mass of

the iron core of the progenitor models, and that an increase in the iron core mass can

be attributed to the extended burning periods in the RSG phase of stellar evolution.

The extended burning periods arise from increased nuclear fuel in the burning lay-

ers, driven by the enhanced convection introduced by the all-bounds overshooting

treatment.

2. We also find that while most of our models begin shock revival around the same time

that the Si/O interface crosses the shock front, in agreement with [40] and [41], we do

not see this for all of our models. There exist drops in density below the Si/O interface

in these models, which are imprints of the extent of the convective core during core

silicon burning.

3. The CO core mass, when controlled for ZAMS mass, has a negative correlation (r = -

0.615) with the explosion energy. This exceeds the correlation of the explosion energy

with ZAMS mass, suggesting that the CO core is potentially a more reliable predictor

of this quantity. Similarly, this correlation is stronger than the correlation of ξ2.0 with

the explosion energy, agreeing with the findings of [9] that CO core masses can act as

indicators of explosion properties in regimes where the compactness fails to make a

prediction.

4. The wind efficiency parameter has a moderate negative linear correlation (r= -0.574)

with the ejecta mass of the supernova due to a reduced hydrogen envelope at the

start of the simulation. Otherwise, there appears to be no general trend relating the

wind efficiency parameter to any of the supernova properties we calculated.

5. Both the ZAMS mass and wind efficiency parameters do not correlate with the com-

pactness ξ2.0 directly. There is a clear impact on the compactness via both the wind

efficiency parameter and different treatments of the convective overshooting in our

data. This has been seen by [15]and [23] for different progenitor models. The relation-

ship between our parameters and the compactness is not immediately clear based

on our data.
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6. The ZAMS mass shows a negative linear correlation (r = -0.561) with the explosion

energy. This is consistent with the findings of [9], [10], and [11], who use PUSH to

explode the s and w series KEPLER 2007 progenitor models of [32].

7. The compactness of these pre-supernova models is the strongest predictor of the

supernova outcomes and correlates very strongly with the explosion time (r= 0.892)

and the remnant mass (r = 0.945), consistent with other works [5, 8, 41].
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CHAPTER

5

CONCLUSIONS

The extreme and highly dynamical nature of core-collapse supernovae (CCSNe) makes

them vital probes of the physical processes that shape the chemical composition of the

universe. Their scientific value is obscured by our lack of understanding of the nuances

behind the mechanisms that drive these events. Modeling CCSNe can thus uncover the

complexities of their evolution and allow us to peer into the engine that drives one of the

most energetic events in the cosmos. Their multi-physics nature necessitates a deep un-

derstanding of many branches of physics to accurately capture their behavior. Therefore

there exists a wide parameter space to explore within these models and a dearth of data to

calibrate these models to. This dissertation explores the effects of a subset of these param-

eters on the dynamics of CCSNe evolution, namely magnetic fields, rotation, and stellar

evolution properties.

We first perform an in-depth analysis into the impact of turbulence in the gain region

on the evolution of CCSNe. We utilize a 3D magnetohydrodynamics code ELEPHANT [1, 2]

to simulate four solar metallicity progenitors of [3]with MZAMS = 15,20,23,27 M� and no ini-

tial magnetic field or rotation. Our analysis found that the standard method of quantifying

turbulence in 3D CCSNe simulations, an extension of the method used in 1D, is not neces-

sarily well suited to 3D models. Metrics used to quantify turbulence and turbulent energy
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in CCSNe generally rely on a choice of averaging method to capture turbulent behavior. We

find that using the spherical average (SSA) in the case of highly asymmetric CCSNe does

not appear to capture the turbulent energy, but the energy stored in convective plumes. We

propose instead the local spatial average (LSA) method of averaging that seeks to capture

deviations from the small-scale local behavior of the fluid. The vorticity (ω⃗=∇× v⃗ ), and by

extension the enstrophy (ε= ω⃗·ω⃗2 ), is commonly used as an indicator of turbulence. Lever-

aging this, we found that spatial maps of the turbulent energy agree much more closely

with spatial maps of enstrophy when using the LSA method as opposed to the SSA method.

We also found that the SSA method calculates a higher ratio of turbulent kinetic energy to

total kinetic energy than the LSA method. In the investigation we compared these methods

to a 3rd method, known as the spectral method, that is independent of averaging choices

through the utilization of a Fourier decomposition. Our findings indicate that the total

turbulent energy calculated via the spectral method much more closely aligns with our

proposed LSA method than the SSA method, indicating that the SSA method may not be

capturing the small scale turbulent behavior that we aim to study.

With a new metric to study turbulence of CCSNe available, our next investigation in

chapter 3 studies the relationship between the magnetic fields of CCSNe and the turbu-

lence in the gain region. To do this we once again utilized ELEPHANT to simulate two of

the same solar metallicity progenitors with MZAMS = 15,20 M� and introduced magnetic

fields. We apply a purely toroidal initial field of magnitudes 1010 G (T10) and 1012 G (T12)

for both progenitors and compare them to our simulations with no magnetic fields (Con-

trol), resulting in 6 simulations to analyze. The investigation found no strong connection

between the magnetic field and the turbulence in the gain region of CCSNe. Our main

finding of this work is that the magnetic field quickly becomes complicated and does not

appear to influence, or be influenced by, the turbulent motion of the fluid in a substantial

way. We found that the magnetic field growth rate is overwhelmingly driven by flux tube

compression and does not see a substantial contribution from magnetic dynamo effects

of turbulent vortices. Contrary to [4], we do not find a co-production of vorticity and mag-

netic fields and presume that the inclusion of neutrino heating in our models breaks the

relationship. We also find that, consistent with [5], the magnetic field energy, even at late

times in the case of the T12 simulation, is of only O (1%) of the total kinetic energy within

the gain region. However, the growth of the magnetic field is exponential until it reaches

a saturation value near 1015 G, at which point it remains mostly constant. We see an indi-

cation that the turbulent energy may be reduced in the case of the 15 M� T12 simulation,

but we do not have a sufficient data set to conclusively make that claim. What can be seen
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for that simulation is a reduction in the amount of enstrophy generated compared to the

total kinetic energy, indicating that the amount of turbulence present may be lower under

these conditions. This agrees with the data of the 20 M� model, where the lowest total en-

strophy when compared with the kinetic energy occurs in the T12 simulation(s) as well. Yet

we do not see a strong indication of the spatial co-production of magnetic field and enstro-

phy from the rate equations that govern both, suggesting that the magnetic field growth

is not localized to regions of high turbulence. We find that the angle of the vorticity and

the magnetic field in the gain region are close to a random alignment once the shock has

stalled.

The final investigation in this work explores the impact of varying the treatment of stel-

lar evolution parameters on explosion properties of CCSNe. This work builds upon the

previous study of [6] that indicates that variations to these stellar parameters alters the

compactness of the progenitors, a quantity used as an indicator of supernova outcomes.

Here we use AGILE-IDSA with PUSH [7, 8, 9, 10] to evolve several collapsing progenitor

models generated with MESA [11] through core-collapse to explosion. These progenitor

models are varied in two parameters, the stellar wind efficiency parameter of the mass loss

treatment from [12], and the implementation of the exponential convective overshooting

treatment of [13]. We find that of our exploding models there is a moderately strong (r =

-0.57) negative correlation between the wind efficiency parameter η and the ejecta mass

of the CCSN. We indicate that this finding comes from the reduced mass of the hydro-

gen envelope, and ultimately reduced total mass, that is seen in progenitor models with

high wind efficiency. We also see that there is a moderate negative correlation (r = -0.561)

between the ZAMS mass of a given model and the explosion energy. This finding is con-

sistent with the work in [14, 15], which performs a similar analysis using the progenitors

of [3]. Further, we found no correlation between the stellar wind efficiency parameter and

the compactness, indicating that while this parameter alters the compactness, one cannot

make consistent predictions in how the compactness will be affected from this parameter

alone. Additionally, we find that the ratio of the CO core mass to the ZAMS mass shares a

moderate correlation (r = -0.615) with the explosion energy of the simulations, serving as

an indicator of supernova outcomes. [10] suggested similarly that the mass of the CO core

can be used as a predictor of supernova quantities in the realm of degenerate compactness

parameters. Finally, we also find that, in our models, the point at which the Si/O interface

crosses the shock correlates with the shock revival for most of our models, but for several

of them the crossing is either well beyond revival or does not cross at all. This is attributed

to the increased mixing that occurs in some of the models, resulting in a semi-stable ra-
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tio of the 28Si and 16O mass fractions for a much longer period ahead of the Si/O interface

that correspond to a significant density drop, thus promoting shock revival. The inclusion

of these properties shows potential to break from the accepted trend of relating the Si/O

interface crossing to the shock revival [16, 17, 18, 19, 20].

We have shown in this work that the parameter space for CCSNe is vast and understand-

ing their dynamics requires exploring as many aspects of this space as possible. While this

work focuses on a few particular aspects of CCSNe, we still have not explored in depth sev-

eral aspects of CCSNe as they relate to these projects. Analyzing the ejecta composition

and light curves of the supernova generated from the MESA progenitors can tell us more

about how much of a role convective overshooting plays in the composition of CCSNe

and provide insight into the origin of nuclei. More data is also needed regarding magnetic

field configurations and strengths in CCSNe models. Due to the computationally expen-

sive nature of 3D models, there are limited systematic studies of magnetic field strengths

in CCSNe. Constraining the magnetic field behavior could provide information about the

source of magnetars and long gamma ray bursts. It is the hope that this work is a valuable

step towards a deeper understanding of supernovae, and that work in the coming years will

continue to shed light on the physical processes that make these explosions so extraordi-

nary.
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